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Abstract

Surrogate modeling for systems with high-dimensional quantities of interest
remains challenging, particularly when training data are costly to acquire. This
work develops multifidelity methods for multiple-input multiple-output linear
regression targeting data-limited applications with high-dimensional outputs.
Multifidelity methods integrate many inexpensive low-fidelity model evaluations
with limited, costly high-fidelity evaluations. We introduce two projection-based
multifidelity linear regression approaches with linear and nonlinear features that
leverage principal component basis vectors for dimensionality reduction and com-
bine multifidelity data through: (i) a direct data augmentation using low-fidelity
data, and (ii) a data augmentation incorporating explicit linear corrections
between low-fidelity and high-fidelity data. The data augmentation approaches
combine high-fidelity and low-fidelity data into a unified training set and train
the linear regression model through weighted least squares with fidelity-specific
weights.  We introduce a proximity-based weighting scheme with automatic
weight selection strategy through cross-validation. The proposed multifidelity lin-
ear regression methods are demonstrated on approximating the surface pressure
field of a hypersonic vehicle in flight and the temperature field on an aircraft
disc braking system. In an ultra low-data regime of no more than twelve high-
fidelity samples, multifidelity linear regression achieves approximately 2% — 12%



improvement in median accuracy and a higher R? score relative to single-fidelity
methods at comparable computational cost.

Keywords: multifidelity, linear regression, scientific machine learning, surrogate
modeling, principal component analysis, data augmentation

1 Introduction

An important challenge in scientific machine learning is to develop methods that can
exploit and maximize the amount of learning possible from scarce data [1-4]. The
need for such methods arises often in science and engineering, especially in the case of
computational fluid dynamics (CFD), since expensive-to-evaluate high-fidelity (HF)
models make many-query problems such as uncertainty quantification, risk analy-
sis, optimization, and optimization under uncertainty computationally prohibitive [5].
Surrogate models that approximate the solutions to HF models can facilitate the
design and analysis process; however, lack of sufficient HF data in tandem with
high-dimensional quantities of interest adversely affect surrogate model accuracy. We
propose multifidelity (MF) linear regression methods that leverage abundant low-cost,
lower-fidelity (LF) data alongside severely limited HF data to construct linear regres-
sion models. These models operate within a reduced-dimensional subspace, obtained
through the principal component analysis (PCA), to effectively handle both train-
ing data scarcity and the high dimensionality (on the order of tens of thousands of
quantities of interest) inherent in our problem setting.

Linear regression has been widely utilized as a surrogate modeling approach in
aerospace applications due to its simplicity and interpretability. We note that linear
regression is a parametric surrogate modeling technique that encompasses a broad
class of models that are linear in their parameters but can include features that are
arbitrarily nonlinear functions of the input variables [6]. Traditionally, linear regres-
sion methods such as the response surface methodology (RSM) employ low-order
polynomial approximations for problems characterized by a modest number of input
variables (typically fewer than ten) and limited datasets (©(10%) to ©(10%)) due to
computational costs [7—10]. In addition, many works have explored more data-intensive
approaches, such as random forests or neural networks, that leverage significantly
larger datasets, demonstrating strong predictive capabilities but requiring substantial
computational resources [11, 12]. However, acquiring extensive HF training data often
remains impractical for typical aerospace design applications without considerable
computational investment. This motivates alternative approaches capable of working
effectively in ultra low-data regime.

MEF linear regression techniques that leverage data of varying fidelity levels provide
an effective means to reduce reliance on costly HF training data. Early MF approaches
modeled the relationship between low- and high-fidelity outputs through additive or
multiplicative correction factors applied to the LF model [13-16]. These correction,
or discrepancy, models were later extended using polynomial RSMs and other sur-
rogate forms to capture more complex relationships [17-21]. Broadly, such methods



treat the HF response as a modified version of the LF prediction combined with an
additional term that models the residual error [22-24]. Recent work has also explored
linear (and polynomial) MF regression strategies that utilize ordinary least squares
(OLS)- [25] and moving least squares (MLS)-based methods [26]. Both approaches
incorporate scalar LF model outputs as either a basis function or a feature with addi-
tive or multiplicative correction terms. These correction-based methods are effective
for scalar outputs, but their achievable model complexity is restricted by the number
of available HF samples and dimensionality of the problem at hand. While in many
engineering analyses only integrated or aggregate quantities (e.g., lift, drag, or maxi-
mum stress) are ultimately reported, access to the full-field response remains valuable.
Full-field predictions provide flexibility for downstream tasks that can require differ-
ent derived quantities or spatially localized information without the need to retrain
or rerun simulations (or surrogates). They can enable identification of localized crit-
ical regions (e.g., areas of high pressure, stress, or temperature) that are important
for tasks related to reliability, safety, and design optimization. In addition, full-field
predictions can serve as inputs to coupled multi-physics analyses, where spatial fields
of quantities such as pressure, velocity, or temperature are used as inputs. Our work
introduces a unified framework using weighted least squares (WLS) that combines LF
and HF data in a single global regression with fidelity-informed weighting, enabling
higher-order polynomial fits without the co-location or correction constraints of prior
methods and can predict high-dimensional outputs of interest.

In the parametric multifidelity surrogate modeling context, recent studies on mul-
tifidelity neural networks have primarily focused on using larger quantities of data,
often via discrepancy modeling, to improve estimation through a variety of machine
learning techniques [27-31]. These methods typically require datasets on the order of
O(10%)-©(10%) samples and are thus not applicable within the targeted sparse data
regime. For the limited data setting, Bayesian nonparametric surrogate models, such as
multifidelity Gaussian process regression or co-kriging, can be another surrogate mod-
eling approach and have been investigated for low-dimensional output setting [32, 33].
However, given the cubic complexity with respect to the number of samples, Gaussian
process regression can be computationally expensive as compared to linear regression
when the training data contains numerous LF samples [34].

In this work, we develop a MF linear regression method that can address regression
problems involving high-dimensional outputs with sparse training data. The pro-
posed method projects the outputs onto a lower-dimensional subspace obtained via
PCA, facilitating effective modeling despite severely limited HF data. Note that the
dimensionality of the input space in the applications considered in this work is sig-
nificantly smaller than the output space. Our key methodological contribution is a
data augmentation method that integrates weighted least squares (WLS) with the
dimensionality reduction and an automated weighting mechanism to explicitly incor-
porate LF data within a unified training process. We provide a closed-form expression
for the projection-based MF linear regression coefficients following the derivation
of the WLS solution. Specifically, we introduce and analyze two methods for MF
data augmentation: (i) direct data augmentation by combining fidelity sources, and



(ii) data augmentation employing an explicit mapping between low- and HF out-
puts. We present a proximity-based weighting scheme for WLS and an automatic
weight selection strategy using cross-validation. The WLS approach and adaptive
data-driven weighting schemes enable appropriate utilization of LF data to improve
predictive accuracy in high-dimensional, data scarce regimes. We benchmark our pro-
posed methods against state-of-the-art MF method with additive structure [25, 35].
We incorporate output dimensionality reduction into the additive MF method to pro-
vide a fair basis for comparison. We demonstrate the effectiveness of the proposed MF
methods through their application on two engineering applications: predicting pres-
sure load distributions on a hypersonic testbed vehicle and predicting the temperature
field of aircraft disc brakes after a braking period.

The remainder of this paper is structured as follows. Section 2 introduces the
MF regression problem setup and the dimensionality reduction. Section 3 details the
proposed MF linear regression method using data augmentation and an extension of
the state-of-the-art additive MF regression strategy with projections is presented in
Appendix A for comparison. We present the numerical experiments on a hypersonic
testbed vehicle application in Section 4 and on an aircraft disc brake application in
Section 5. Finally, Section 6 provides concluding remarks.

2 Multi delity regression: Background and problem
formulation

We consider an MF regression setting involving training datasets obtained from models
with different fidelity levels: an HF model that provides accurate predictions but is
computationally expensive, and LF models that are computationally less costly but
yield less accurate predictions.

2.1 Background: Linear regression with dimensionality
reduction

Let the d-dimensional inputs to a system be denoted by Xx 2 X~ RY, where X is the
input space, and the output quantity of interest bey 2 Y  R™, defined on the output
space Y. In our target applications, Yy is a high-dimensional quantity, with m typically
on the order of tens of thousands. Due to the high-dimensionality of the outputs and
limited HF data, we employ PCA to reduce the output dimension prior to regression.
Similar projection-based approaches have been applied in the context of parametric
reduced-order models [36-38], as well as in neural network-based models [29, 39].

Dimensionality reduction via PCA. For the training data matrix Y 2 R™ N
with N samples, the PCA basis vectors are obtained by standard PCA projection
[6]. We compute the principal components through the singular value decomposition
(SVD). Given the row-wise sample mean of the training data y 2 R™ 1, we define
Y =yl where 1y 2 RN is the length-N column vector with all entries set to unity.
For N < m, the thin SVD of the centered training data matrix is written as

Y Y=U V7 (1)



where U 2 R™N  and V 2 RNN  are orthogonal matrices, and 2 RNN is a
diagonal matrix with non-decreasing entries of the singular values ; 2

n 0. Given the left singular vectors U, the reduced basis for projection to a lower-
dimensional subspace of size k N is the rst k columns U, 2 R™¥ . The projection
of the set of output samples Y on the low-dimensional subspace is given by the reduced
states C 2 RN | de ned as

cC=UZ(Y YY) )

The dimension k is chosen such that the cumulative variance captured by the rst k
principal components is larger than a speci ed tolerance of as given by
Py )
Pt > 3)
=1 i
where ; is the i-th singular value.

Projection-based linear regression. The regression problem considered in this
work is a linear-regression-based surrogate model in the reduced-dimensional space
f: R4 1R X, parameterized by regression coe cients . To address the high dimen-
sionality of the output space, we perform regression in the reduced space de ned
by the rst k principal components obtained from PCA. Note that one could also
apply dimensionality reduction to the inputs in addition to the outputs as shown by
Sun [40]. Alternate methods for dimensionality reduction in multivariate linear regres-
sion [41, 42] are also feasible and composable with the MF methods presented in the
following section. We employ PCA because it is interpretable, widely used, and has
been shown to be e ective across a broad range of applications [43].

We use training data projected to the reduced space using Eg. (2) to obtain the
projection-based linear regression model f (x; ) for k-dimensional outputs as

fxx)=0 7

where (xX) > 2 RP*! is a p + 1-dimensional feature vector that can include nonlinear
transformations of the input (e.g., polynomial basis terms) and 2 R Pk s the
matrix of regression coe cients to be estimated. The surrogate model is therefore
linear in the regression coe cients and can be trained using either ordinary or weighted
least squares, depending on the MF regression methodology presented in the next
section. We reconstruct the full-dimensional output from the regression predictions as

bx )=Uf(x )+ vV (4)

where®(x ) is the approximation of the true HF output for any new input x 2 X.

2.2 Multi delity regression problem formulation

For ease of exposition, we consider a bi delity setup, but the general idea can be
extended to more than two delity levels. To distinguish between data originating



(HF) I

from the HF and LF models, we dene X g = x(lHF) XN 2 RAN v and
i
Y e = y(lHF) ;:::;yqu:F) 2 RMN = with analogous de nitions for the LF data

(X Lr;Y LF). In the applications of interest, we have Nog N ¢ and Npg  m,
re ecting the high computational cost of HF evaluations and the high-dimensionality
of the output space.

The core supervised learning problem in this work is to construct a linear-
regression-based surrogate model that accurately predicts the HF output yg (X )
for new inputs x , by leveraging the bidelity training dataset (X nr;Y npe) and
(X Lr ;Y LF). The challenge of high output dimensionality (m N ), and the limited
number of HF samples makes direct regression in'R ill-posed. Our approach mitigates
these challenges by rst projecting the HF and LF outputs to a lower-dimensional sub-
space using PCA, and then developing multi delity regression methods in this reduced
space as described in the following section.

3 Projection-based multi delity linear regression
via data augmentation

In this section, we develop a MF linear regression approach via data augmentation
using the projected data. We rst present two ways of synthetic data generation for
data augmentation in Section 3.1 followed by the proximity-based weighting technique
and the WLS approach developed for the MF linear regression in Section 3.2. We then
present an automated weight selection strategy through cross-validation in Section 3.3.

3.1 Synthetic data for data augmentation

The sparsity of HF data poses a signi cant challenge when attempting to t more
expressive surrogate models, such as polynomial regression with higher-order basis
functions, because the HF dataset alone may not su ciently constrain the model
or allow for meaningful generalization. In contrast, training a surrogate model only
on LF data is more feasible and less expensive, albeit at the cost of reduced accu-
racy. This work addresses these limitations by developing an MF linear regression
method that utilizes an augmented training dataset, consisting of HF data and syn-
thetic data derived from LF evaluations, to better constrain the regression model.
The MF regression via data augmentation provides additional information about the
underlying system response in regions of the input space insu ciently covered by HF
samples. Furthermore, the MF approach facilitates the training of regression mod-
els with larger number of regression coe cients, for example, enabling the use of
higher-degree polynomial bases beyond what the HF data alone would support.

Let (X ¥';Y¥') denote the synthetic data used in data augmentation. We
construct the synthetic data by one of two approaches:

1. Direct augmentation: The LF data are used directly as synthetic training data, i.e.,
XY TE) =X (Y e).

2. Explicit mapping: A learned linear correction map is applied to the LF data to
approximate the HF behavior at X . This mapping is constructed by training a



linear model g between reduced-order representations of the LF and HF outputs in
a shared low-dimensional space.

The remainder of this section de nes the explicit mapping approach, where we
choose to model the relationship between LF and HF outputs in the subspace spanned
by the reduced basis derived from the HF data as a linear transformation. We de ne
a linear model g : R I R K that maps reduced LF states to reduced HF states using
the HF reduced basis L{'F to perform the dimensionality reduction.

To train the model g, we need co-located HF and LF samples. When the LF samples
are not co-located with the HF samples, we use a LF surrogate model to obtain the
LF predictions at X ye. Let f  : RY I R Kk denote the linear regression surrogate
model trained on the projected LF dataset (X . ; Cr ), where C.r 2 RXN = are the
reduced LF states obtained via PCA as given by Eq. (2). The predictions of reduced
LF states at the HF input locations X pg are obtained by f ¢ (X wr) and reconstructed
to the full-dimensional output space as Uka,_F (X we)+ Y ¢ to obtain co-located LF
output predictions. Since the linear mapping g operates within the subspace spanned
by the HF reduced basis, we project the co-located LF predictions using the HF
reduced basis to obtain the coordinate-transformed reduced LF states® LF, aS

@LF: U:z”: - U||2Ff|_|:(x HF)+ VLF VHF . (5)

The projection step in Eq. (5) serves to express the LF predictions in the HF reduced
basis. Alternatively, one could explore methods such as manifold alignment to align
the two subspaces and potentially provide better mappings between the two reduced
states [44, 45]. Simultaneously, we compute the HF reduced states as

> R
Cur = ULF Yure YHE (6)

The linear mapping model g is then trained via OLS on the co-located dataset
(@ Lr ; Cur ), where we are choosing to model this as a low-rank linear relationship
between the LF and HF reduced outputs. Note that if co-located data is already avail-
able, then one does not need to t the LF surrogate model fg and can directly obtain
Q= U7 Ye(Xue) Yue fortraining g.

Once trained, g is used to generate synthetic data, Y.', at all the LF input
locations X | by mapping the LF outputs as

J— > JE—
YX =UFgCe)+ Y =UFg UL " Y Y +Yw: (0

This produces the synthetic dataset (X{2' = X 1¢;Y [¥') by explicit mapping, which is
used for data augmentation in the MF regression method. We summarize this process

in Alg. 1.

3.2 Weighted least squares using proximity-based weights

Given an augmented training dataset incorporating synthetic LF-derived samples, we
train the MF surrogate model using weighted least squares regression to account for



Algorithm 1 Synthetic data generation via explicit linear mapping model

Input: HF and LF training data (X r; Y r)and (X ur; Y ue)
Output: Synthetic data Y " at inputs X ¢ from the LF to HF surrogate map

1: Project Y ¢ to obtain the reduced states Gir = ULF 7 Y Yir . see
Eq. (2)

2: Train the LF regression model fig on (X g ; C ) using OLS

3: Generate co-located LF predictions as L):F fLe (X we )+ Y e at HF sample location
X HF

4: Project co-located LF predictions to obtain the coordinate-transformed LF
reduced states® ¢ via Eq. (5)

5: Project Y we to obtain the reduced states Gy using Eq. (6)

6: Train LF 7! HF linear regression model g on (@ Lr; CHe) using OLS

7. Generate synthetic data YY" at X (¢ locations using Eq. (7)

delity-dependent variance. Ordinary least squares (OLS) assumes homoscedasticity,
or constant variance in the residuals, which does not hold in this setting, as synthetic
samples derived from LF data are known a priori to be a less accurate approxima-
tion. To account for this expected heteroscedasticity, we instead apply WLS [46] with
distinct weights assigned to HF and synthetic training samples. Speci cally, we de ne

are assigned as

1; i=1;:: Ny
w; = . (8)
h(Wsyn) <1; =N pe + 100Ny +N (g

where h(wsyn) is a weighting function for LF training samples de ned using the
hyperparameters wyy, .

In the context of MF surrogate modeling, the HF model is regarded as the best
available source of ground truth for a given quantity of interest. Thus, when applying
least-squares linear regression, LF samples located near HF samples in the input space
can be considered redundant or uninformative, since continuity ensures that proximity
in the input space yields proximity of the outputs. Consequently, the LF data may
introduce noise rather than useful information due to their inherent lower delity.
This issue is particularly relevant when LF and HF datasets are xed, which is the
setting considered in this paper. In this context, the LF data introduces position-
dependent variance, an instance of heteroscedasticity, which is precisely what WLS
was designed to handle [46]. To mitigate this e ect, we introduce a proximity-based
weighting scheme that down-weights LF samples located near HF samples. The sample
weight assigned to a given LF point depends on (1) its distance to the nearest HF
point and (2) whether it originates from the LF or HF source. This approach allows
the model to emphasize LF samples that |l gaps (alleviate epistemic uncertainty)
in the HF dataset while discounting those that are likely redundant. We compare
the proximity-based weighting scheme with a xed weighting scheme. The weighting



function is then de ned as

(

Wsyn xed weights
(x Y ;xH"F);weyn  proximity-based weights;

(9)

h(Wsyn) =

where : RY R 91 R is a distance function (e.g., Euclidean distance) and

R 1[0;1] is a monotonic transformation that maps distances to normalized weights.
Suitable choices include Heaviside step functions, sigmoids, or any other similar func-
tion. In this work, we use a Heaviside step function to dene  (x 'F;xHF ) wgyn =
Wsyn 1l r xrey , Where 1 is an indicator function that sets the maximum value to
Wsyn and the minimum value to 0 depending on whether the distance from HF sam-
ples exceeds a threshold value of . We use Euclidean distance as the distance function
(). The value of w sy, signi cantly impacts model performance and is selected via
cross-validation, as described in Section 3.3.

The surrogate is trained in the projected output space de ned by the HF reduced
basis (see Section 2). The MF linear regression model denoted by, : R IR K is
given by

fme (X;Wsyn) = (x) g AMF (Wsyn); (10)

where "MF (wsyn) are the regression coe cients and has the explicit dependence on the
synthetic sample weight since they are estimated using WLS. The regression model
fme is trained on the augmented training dataset containing Ny +N ¢ samples given
by (X we; X JELIY ves Y E']) as de ned in Section 3.1. For brevity, when utilizing
the data augmentation method, we de ne X e = [X ur; X {X'] as the independent
variables. Similarly, we dene Y ve = [Y we;Y [£']. Projecting these outputs yields
reduced states,

>
Cur = U™ 7 Ywr Ve Wpon g (1)

The optimal regression coe cients when the MF linear regression model is trained
on (X vk ; Cwme) using WLS with weights W can be obtained in closed-form as

"M Wsyn) = (X Me) W (X i) ' X M) WC e (12)

1
X wE) W (X me) X)W UF T Yue Ve Loy
(13)

where the derivation for the closed-form expression in Eg.(12) follows from the
known WLS solution [6] and Eg. (13) substitutes the reduced states. The prediction
at any new input location x is made in the reduced space and then lifted to the
full-dimensional output space as

Pur (X ;Wsyn):U EFfMF (x ;Wsyn)"' Y uE

(14)
=UF x ) e (Wsyn) + Ve 10 +N



1 _
=U F (x )>|(X me )™ W (X MF{)7 X MF)>WCMF}+YHF1§HF+NLF3

N
e Wsyn )

(15)

We summarize the data augmentation method for MF linear regression in Alg. 2.

Algorithm 2 Multi delity linear regression via data augmentation

Input: HF and LF training data (X . r; Y tr) and (X wr; Y e ), synthetic sample
weighting parameter weyn, New input location for prediction x
Output: Output predictions By at inputs x from MF surrogate

1. Generate synthetic data by transforming the LF data: (X g; Y ) 7!
Xy . use Alg. 1 for the explicit mapping method

2: Augment the training dataset to contain Ny + N samples:
(X ves X PELIY wes Y OED

3. Project [Y wr;Y '] to obtain the reduced states of MF training data outputs
CwmrF using Eq. (11)

4: Set up sample weight matrix W based on choice of sample weighting scheme using
Egs. (8) and (9)

5: Train MF linear regression surrogate model fyr on ([X ur; X £'1; Cwve) with
weights W using WLS . closed-form expression in Eq. (13)

6: Predict Yy (x ) by reconstructing the output of fyr (X ;Wsyn) in the full-
dimensional space de ned in Eq. (14)

3.3 Cross-validation for optimal sample weight selection

The synthetic sample weighting function in Eq.(9) has a tunable hyperparameter
Wsyn 2 (0;1). Rather than arbitrarily selecting w sy, or utilizing a heuristic-based
approach, we select w,, for the proximity-based weighting scheme by minimizing the
prediction error using leave-one-out cross-validation (LOOCV). LOOCV was chosen
rather than general k-fold cross-validation since we are working with a limited number

is trained on the remaining data and the validation error for the held-out sample is
de ned as
. YT Wen)
oocy  Yi sWsyn = AE ; (16)
yi 2

where ¢ (Wsyn) denotes the prediction at x/** made by the model trained without
sample i. The optimal weight hyperparameter w,,, minimizes the mean LOOCYV error
over the HF training set as given by

NHF
Wsyn = argmn —-—
Wsyn 2(0;1) HF i=1

Loocv yIHF ; WSY” ; (17)

10



where .., (;Wsyn) is the error function de ned in (16). The optimization in Eq. (17)

is performed using the BFGS algorithm [47]. As shown in Section 4.3, this procedure is
critical for the robust performance of the data augmentation methods with proximity-
based weighting, which are sensitive to the choice of .

4 Numerical demonstration: hypersonic
aerodynamics application

In this section, we present the results for a hypersonic testbed vehicle problem in
the CFD domain described in Section 4.1. The HF and the LF models used for the
MF linear regression are described in Section 4.2. Then, we present results for the
projection-based MF linear regression methods proposed in this work in Section 4.3.
We compare against the state-of-the-art MF regression method using the additive
approach presented in [25, 35]. We provide a fair comparison by combining the addi-
tive MF method with dimensionality reduction of the outputs (see Appendix A), and
compare it against the MF methods presented in Section 3.

4.1 1C3X hypersonic vehicle problem description

In order to gain design insights for performance, stability, and reliability of a hyper-
sonic vehicle, CFD simulations are required over a range of ight conditions. For
example, stability analyses for a hypersonic vehicle require an understanding of the
surface pressure eld as a function of the operating ight conditions, namely, the Mach
number, angle of attack, and sideslip angle of the vehicle. However, HF CFD solutions
are computationally intensive due to the ne mesh size required to adequately capture
the physics of hypersonic ight. In this work, we address the prohibitive computa-
tional cost through constructing cheaper approximations using MF linear regression
techniques that reduce the number of HF model evaluations required to make accurate
predictions of the pressure elds over a range of operating conditions by introducing
data from cheaper LF models.

To demonstrate the MF linear regression methods, we consider the Initial Con-
cept 3.X (IC3X) hypersonic vehicle. The IC3X was initially proposed by Pasiliao et
al. [48], and a nite element model for the vehicle was developed by Witeof et al. [49].
A primary quantity of interest is the distributed aerodynamic pressure load over the
surface of the vehicle at various ight condition parameters. Based on a nominal mis-
sion trajectory for this geometry, we consider the range of Mach numbers M 2 [5; 7],
angles of attack 2 [0; 8], and sideslip angles 2 [0; 8]. The surface pressure eld is
computed at a particular ight condition by solving the inviscid Euler equations using
the ow solver package Cart3D [50{52] over an adaptive multilevel Cartesian mesh.
The mesh adaptation scheme provides a natural hierarchy of model delity through
various levels of mesh re nement. The discretized surface mesh remains constant, and
contains m = 55966 nodes, which is the dimension of the output surface pressure vec-
tor. An example non-dimensional surface pressure eld solution computed by Cart3D
at ight conditions of M =6, =4, and =0 is visualized in Figure 1.
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Fig. 1: Top, side, and bottom view of surface pressure (non-dimensional) at ight
conditons M =6, =4,and =0.

4.2 Model speci cations and data generation

We can construct di erent levels of delity for the pressure eld solution by leveraging
Cart3D's mesh adaptation, which re nes the Cartesian volume mesh over multiple
adaptation steps. We de ne two levels of delity for simulating the surface pressure
eld: (i) the HF model with a ner volume mesh after more mesh adaptations and
(i) the LF model with a coarser volume mesh after fewer mesh adaptations and
with a lower error tolerance. Speci cally, we control the maximum number of initial
mesh re nements (\Max Re nement"), the maximum number of adaptation processes
(\Max Adaptations"), error tolerance, and the number of cycles per adaptation process
(\Cycles/Adaptation™) to generate the di erent delity levels. The speci cations for
the HF model and the LF model used in this work are described in Table 1. We
also provide the relative computational cost in terms of one HF model evaluation.
Here, cost refers to the wall-clock time of running the HF and LF simulation on the
same hardware. Note that we do not consider the LF simulations to be negligible cost
and instead account for the cost of evaluating the LF samples when reporting the
computational costs.

Table 1: Model speci cations of hypersonic testbed problem

Model Max Initial Max Error Cycles/ Cost Ratio
Type Re nement Adaptations Tolerance Adaptation
HF 7 12 110 3 175 1
LF 5 2 510 3 50 1/127

12



While the choice of HF and LF sample sizes is problem- and resource-dependent,
in this case, we use a very limited number of HF samples N\ 2 [3; 10], a LF training
sample size of Ng = 80, and a HF testing sample size of N§f' = 50 to analyze the
e ectiveness of the proposed methods in the ultra low-data regime. A large sample
pool of 100 HF samples are drawn by Latin hypercube sampling (LHS). The testing
set is then sampled via conditioned LHS [53] from these points, and was xed across all
repetitions of the dataset. We bootstrap the remaining dataset by using conditioned
LHS with di erent random seeds to create varying combinations of the training dataset
and provide a measure of robustness of each method over 50 repetitions of the training
samples (which entails the points for training are randomly distributed across the
domain). We present the results while accounting for the computational cost of using
the additional 80 LF samples given by 80=127 = 0:63 equivalent HF samples.

4.3 Results and discussion

We rst analyze the dimensionality reduction on our training datasets of Ny = 10
and N ¢ = 80 to select an appropriate lower-dimensional subspace size. Figures 2 and
3 show the singular value decay and the cumulative energy plots for the LF and HF
data, respectively. We show the median of 50 repetitions of SVD computations and
the 25th and 75th percentile shaded around the median curve. As is evident from the
plots, there is not much variability in the singular values across the 50 di erent dataset
draws. We use a tolerance of = 0:995 for the cumulative energy to decide the size of
the low-dimensional subspace using Eq. (3). This leads to k = 7 for most LF training
datasets. For most HF training datasets with Ny > 4, we get k = 4; otherwise, Kk is
bounded by number of HF training samples when N 4. This facilitates the use of
lower dimensional representations of the data for the surrogate models to be trained
on, without signi cant loss of information.

Fig. 2: SVD on 50 repetitions of N g = 80 LF training data

We apply the three MF linear regression methods described in Section 3 to the
prediction of the surface pressure eld upon the IC3X testbed hypersonic vehicle. We
evaluate the performance of a surrogate model through the normalized L2 accuracy
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Fig. 3: SVD on 50 repetitions of Ny = 10 HF training data
metric given by (1 |, ), where the normalized L2 error , is de ned by

1 %F ylHF 9i 2.

T Nt kyik, ’ (18)

i=1

where kk is the L2 vector norm, yI'F is the HF model solution at i" test sample,
and ¥ is the surrogate prediction at i'" test sample. The R’ score is another general-
izable and useful metric when comparing errors between high-dimensional quantities
for regression methods [6]. We present the results using the Rmetric in Appendix B.
Note that the results for the single- delity (SF) surrogate model refer to the linear
regression which was trained on the HF pressure eld data only. Since the surrogate
models were trained on 50 varying repetitions of the training dataset, we present the
median, 25th, and 75th percentiles of the test accuracies. For the SF model, the order
of the polynomial was limited by the number of samples available { limiting the choice
to a linear equation in all cases. The MF linear regression with the additive structure
also used a linear polynomial since it is trained on the same amount of HF data albeit
with the discrepancy added. Lastly, both the MF surrogate models using the data
augmentation methods were able to be trained using a polynomial of order two since
the number of samples available to train was larger by the nature of the algorithms.
Next, we analyze the impact of di erent sample weighting schemes on the results
of the two data augmentation methods in Figure 4. Setting the weights associated
with the HF training samples to 1, we compare the xed weighting scheme, where
Wsyn 2 10:01; 0:1; 0:99 and h(Wsyn) = W syn, against the LOOCV with proximity-based
weighting method described in Eq (9), where h(wyn) = (;w ). Recall that w,, is
the optimal weighting function hyperparameter value for proximity-based weighting
obtained through the LOOCYV procedure described in Section 3.3. For this application
we use the Heaviside step function to implement (;w,,), with a threshold set to
eliminate the furthest 10th percentile of LF samples (by minimum Euclidean distance
to HF samples). We observe that the direct data augmentation method is sensitive to
the choice of wy, for the xed weighting scheme, with a variation of up to 10% in
median accuracy. On the contrary, the explicit map data augmentation method is less
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sensitive to changes in the sample weight, with a variation of up to 2% in median accu-
racy. We nd that the LOOCV method for determining w 4, for each repetition of the
training dataset performs close to the best xed weighting scheme option for both data
augmentation methods. This highlights the e ectiveness of automatic weight selection
based on the underlying training dataset. Figure 5 shows the distribution of optimized
LF sample weights across 50 repetitions of HF and LF training datasets, following the
LOOCV-based optimization procedure. The plotted quantity corresponds to the value
of wy,, obtained through LOOCYV for proximity-based weighting function described
in Eq. (9) (here, wy,, is the maximum weight possible when using the Heaviside func-
tion). The distribution of w ¢, across the 50 training repetitions is generally bimodal
in our setting with N 4= 10. This bimodality arises in part because the LOOCYV opti-
mization is initialized at 10 * , which explains the presence of a higher mode near this
magnitude. As the HF sample size increases, the resulting weight distribution shifts
toward smaller magnitudes, suggesting that the added HF data reduces the reliance
on LF information for accurate prediction for this application.

(a) Direct augmentation (b) Explicit map

Fig. 4: Comparison of weighting schemes for MF linear regression using data aug-
mentation on 50 repetitions of the training dataset. Here, w,, refers to the optimal
hyperparameter obtained after LOOCYV for proximity-based weighting as described in
Eq. (9), and the other weights follow the xed scheme.

Figure 6 shows the comparison of the two MF linear regression methods proposed
in this work and the additive MF method presented in Appendix A, in comparison
with the SF surrogate model. The additive MF method performs similar to the SF
linear regression and does not o er signi cant increase in accuracy for this application.
In contrast, both the data augmentation techniques (using the optimal wy, after
LOOCYV and proximity-based weights) perform better than the additive approach and
show a substantial improvement in accuracy over the SF linear regression for equivalent
computational cost. Furthermore, the robustness of both the MF linear regression
models with data augmentation is markedly better than the SF surrogate model. This
is likely due to the fact that the MF linear regression model sees a larger variety
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(a) Direct augmentation (b) Explicit map

Fig. 5: Comparison of wy, distributions obtained from LOOCYV for MF linear regres-
sion using data augmentation with proximity-based weighting on 50 repetitions of the
training dataset. Plotted are the kernel density estimates for each combination of LF
and HF data.

of data during the training phase. The extra LF samples in the data augmentation
methods are of course not fully representative of the HF model, as indicated by sample
weights of 1 for the HF samples and w,, < 1 for the synthetic data generated from
the LF samples as seen in Figure 5. The MF method with explicit map for data
augmentation performs the best with few samples, while the direct augmentation had
the highest accuracy with the largest amount of training data. Table 2 provides the
median test accuracies and R score of each regression method for ¢ = 3, 5, and 10
HF samples. We nd that the data augmentation technique using explicit map leads
to an improvement of approximately 9:5% compared to the SF model for Nig = 3 HF
samples and 3:2% compared to the SF model for )} = 10 HF samples. Interpolating
at the rst sample size tested for the MF methods, Ny = 3:63 (3 HF, 80 LF samples),
yields a 12.4% improvement in accuracy compared to the SF method. With respect
to the R? values, the results of the data augmentation methods were shown to have
similar improvements upon the SF and additive-based approaches.

Finally, we look at a comparison of the absolute errors in pressure prediction
between the SF surrogate and the MF surrogate methods. For an arbitrary test sample,
we predict the pressure eld using the surrogates and show the absolute error compared
to the HF model simulation. We show a contour plot of the errors on the vehicle body
in Figure 7, providing some visual context for the gains the MF surrogate model nets.

5 Numerical demonstration: aircraft disc brakes

In this section, we present the results for an aircraft disc brake thermal modeling
problem described in Section 5.1. The HF and the LF models used for the MF linear
regression are described in Section 5.2. Then, we present results for the projection-
based MF linear regression methods proposed in this work in Section 5.3 and show
the comparison to the state-of-the-art additive approach for MF regression.
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(a) Comparison of all methods (b) Additive method

(c) Data augmentation: direct augmentation (d) Data augmentation: explicit mapping

Fig. 6: Comparison of proposed MF linear regression methods to baseline SF linear
regression and the additive MF method on 50 repetitions of the training dataset (DA
denotes a data augmentation method implemented with LOOCV and the proximity-
based weighting)

5.1 Aircraft disc brake thermal problem description

Aircraft wheel braking systems are designed to be capable of ensuring safe deceler-
ation and stopping performance following landing or during rejected takeo (RTO)
scenarios, where air brakes are less impactful. During braking, the kinetic energy of
the aircraft is rapidly converted into thermal energy through friction at the brake
rotors and stators in a multi-disc brake setup, leading to substantial temperature rises
within the brake stack. For aircraft such as the Boeing 737 (B737), each of the four
main landing gear wheels is equipped with four rotor{stator pairs, which collectively
absorb tens of megajoules of kinetic energy during a typical stop [54]. When braking
pressure is applied, multi-disc aircraft brakes dissipate kinetic energy through ther-
mal energy by clamping each of the rotor-stator pairs together through a hydraulic
piston. A notional drawing of aircraft brakes in a typical transport-aircraft is depicted

in Figure 8. Understanding the temperature evolution and spatial distribution within
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Table 2: Selected multi delity linear regression results (DA denotes a data augmen-
tation method implemented with LOOCV and the proximity-based weighting)

Model Type # LF # HF Median Median
Samples Samples Normal- Test Data
ized L2 R? Score

Test
Accuracy

- 3 0.768 0.38

SF - 5 0.870 0.85

- 10 0.898 0.90

3 0.763 0.52

MF - Additive 80 5 0.875 0.88

10 0.909 0.91

3 0.854 0.70

MF - Direct DA (LOOCV w  4,) 80 5 0.903 0.86

10 0.935 0.94

3 0.863 0.80

MF - Explicit map DA (LOOCV w ) 80 5 0.912 0.93

10 0.930 0.95

Fig. 7. Comparison of errors in pressure eld prediction at Mach 6.79,
=497 ; =474

the brake discs is essential for assessing brake deterioration and the turnaround time
required before the next takeo . Additionally, e cient modeling of the temperature
eld given braking duration, aircraft mass, approach velocity, and other conditions
can be utilized to expedite optimization and design cycles.
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(a) Brakes o (b) Brakes on

Fig. 8: Notional illustration of multi-disc transport-aircraft brakes, adapted from [55]

We develop an axisymmetric nite element model to simulate the transient temper-
ature eld within the brake stack of a representative narrow-body transport aircraft,
based on the B737 geometry and braking con guration. The model resolves the tem-
perature over an annular rotor{stator stack during a braking event of duration ,
by representing the frictional heating as a heat source term. Furthermore, convective
cooling along all the exposed surfaces is modeled. For the MF linear regression, the
primary quantity of interest is the temperature eld T (r; z) at the end of the braking
period where r and z are the radial and axial coordinates in meters. One potential
application of such a surrogate model is to rapidly evaluate designs by checking where
maximum temperature occurs and if maximum allowable temperature limits are met
in the brake assembly given design changes. We consider six model inputs for the
surrogate model that include physical and environmental parameters in the form of
aircraft mass, approach velocity (or ground velocity in the case of an RTO), braking
duration, material thermal di usivity, ambient temperature, and initial temperature.
Table 3 summarizes the parameter de nitions and ranges used in this example which
were chosen to re ect typical ight conditions of the B737 aircraft.

Table 3: Input parameters and their ranges for the aircraft brake
temperature eld problem

Input Parameter (Units) Range

Aircraft mass, m (kg) [67720, 85140]
Landing velocity, V (m/s) [30.0, 75.0]
Braking duration,  (S) [10, 30]
Thermal di usivity, (m  2/s) [610 & ,210 5]
Ambient temperature, T 1 (K) [253.15, 319.15]
Initial disc temperature, T jnitiar  (K) [373.15, 473.15]
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5.2 Model speci cations and data generation

The thermal analysis of the aircraft disc brakes involves solving the 2D transient
axisymmetric heat equation represented by the governing equation

@T PP
r gt " (krT) =1f(r; z;¥); (19)

T(rz;0) =T initia

where T(r; z; t) K is the temperature eld attime t, kg/m 3 is the density, G, J/kg K
is the isobaric speci c heat capacity, k W/m K is the thermal conductivity, and f()
W/m 2 is the volumetric heat source term which represents the frictional heating at the
rotor-stator interfaces. The initial condition represents the disc brakes having an initial
uniform temperature Tihiiar - The boundary conditions representing the convective
cooling through air ow around the exterior surfaces and an adiabatic boundary at the
axle or torque tube connection is given by

kfT n=h(T T 1) on outer radius and end-plates

20
krT n=0 on inner radius; (20)
where h is the convective heat transfer coe cient of air.
The frictional heating source term is given by the following expression,
8
1
2% a
= L(rz); Ot b
fhzig= _ (21)
"0 t>
(o
L(nz)= 2 2H 2 (22)

0; otherwise:

where g (t) (W/m 2)is the heat ux as a function of time at the k-th interface between

a rotor-stator pair and " (m) is chosen to be su ciently large enough to encapsulate
enough elements at the interface locations. Given N rotor-stators, frictional heating
will occur at the N 1 interfaces between them. We are assuming that perfect contact
occurs between all rotor-stator pairs without resistance and the rotor-stators are of
equal size as in [56, 57]; hence, we sum the individual heating contributions equally.
In Eq. (22), an indicator function 1 «(r; z) is used to ensure heating only occurs at the
small epsilon-sized band centered around each rotor-stator contact interface. We show
in Appendix C that this formulation correctly conserves the braking energy the brakes
must dissipate.

The governing equation in Eq.(19) and the boundary conditions are used to
construct the variational form of the problem, which is passed to the FEniCSx
platform [58{61] to solve numerically. We use quadrilateral mesh elements and the
backward Euler method for discretization in time. To de ne two levels of delity for
this problem, we set up the HF model with the nest discretization in time and space
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and the LF model with a far coarser discretization. The exact speci cations for the
HF and LF model are detailed in Table 4. As a result of the spatial discretization
there are m = 51681 nodes in the HF simulation. We again consider a data-sparse
environment with limited HF samples, specically Ny 2 [4;12] and a LF training
size of Nr = 25. The same procedure using bootstrapping as described in Section 4.2
is used to generate the results and provide a measure of robustness, wherein a pool of
150 HF samples are drawn and then sampled from. The HF testing set is xed across
all training dataset repetitions and is of size N' = 100.

Table 4: Model speci cations of aircraft brake problem

Model Type n  (radial n; (axial t (s) Cost Ratio
elements) elements)
HF 320 160 2510 2 1
LF 40 20 510 T 1/344

5.3 Results and discussion

We begin the analysis by con rming that our tolerance = 0:9999 yields a feasible
number of dimensions in the reduced-space by observing the singular value decay and
cumulative energy for both the LF and HF data. We can see from Figures 9{10 that
a reduced-dimension of size k = 4 would be selected. In the following results and
gures, the data augmentation based methods were tted via a quadratic polynomial
while the SF and additive based method had a linear t. The best performing com-
parator was plotted for the fairest comparison, because utilizing a higher-order t for
the SF and additive based method resulted in a worse overall accuracy. This high-
lights the advantage of the WLS approach which allows for higher-order ts before
being under-determined. The data in this problem led to both methods being largely
invariant with respect to the choice of weighting as seen by Figure 11. Importantly,
the LOOCYV procedure, which relies entirely on training data, still resulted in close
to the best performing surrogate when robustness is taken into account. The distribu-
tion of the weighting hyperparameter ws,, that were selected using LOOCV is shown
in Figure 12. For each repetition of the training dataset, after the cross-validation
procedure, weights close to w,, = 1 were selected most often. We note that the six-
dimensional input space in this problem is greater than the three-dimensional input
space in the hypersonics example, which drives the weights for the LF sample towards
one for most case due to sparsity of available data. Thus, when tting a quadratic
(degree p = 2) polynomial, any additional data would be prioritized by the LOOCV
procedure during the weight selection. In this application, applying the explicit map-
ping initially led to a worse t compared to direct DA with low HF samples, which
again highlights the issues with learning an explicit map for a higher-dimensional input
space with limited data. As more HF data was added, the learned map improves and
the mapped data becomes more informative as re ected by better accuracy of the MF
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method. This can also be seen in the weight distribution plot in Figure 12b as smaller
weights were picked more often than in the DA case.

Fig. 9: SVD on 50 repetitions of N ¢ = 25 LF training data

Fig. 10: SVD on 50 repetitions of N yr = 12 HF training data

Figure 13 shows the comparison of the two variants of the MF linear regression
method proposed in this work with the additive MF method and the standard SF
regression. The additive MF method performs similar to the SF linear regression and
does not o er signi cant increase in accuracy for this application. In contrast, both the
data augmentation techniques (using the optimal wy, after LOOCV and proximity-
based weights) perform better than the additive approach and the SF linear regression
for equivalent computational cost. Both the proposed MF techniques demonstrate
more robustness to variations in training data with 2% improvement in the normal-
ized L2 test accuracy. However, the MF linear regression methods show a signi cant
improvement with respect to the R? score as seen from Figure B2. The remainder of
the results utilizing R? values are again found in Appendix B. A selected summary of
results for this application can be found in Table 5.

Lastly, we plot the absolute errors in temperature prediction between the SF sur-
rogate and the MF surrogate methods. For an arbitrary test sample, we predict the
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(a) Direct augmentation (b) Explicit map

Fig. 11: Comparison of weighting schemes for MF linear regression using data aug-
mentation on 50 repetitions of the training dataset for the aircraft brakes thermal
modeling problem. Here, w, refers to the optimal hyperparameter obtained after
LOOCV with proximity-based weighting as described in Eq. (9), and the other weights
follow the xed scheme.

(a) Direct augmentation (b) Explicit map

Fig. 12: Comparison of w, distributions obtained from LOOCYV for MF linear regres-

sion using data augmentation with proximity-based weighting on 50 repetitions of the
training dataset for the aircraft brakes thermal modeling problem. Plotted are the
kernel density estimates for each combination of LF and HF data.

temperature eld using the surrogates and show the absolute error compared to the
HF model simulation. We show a contour plot of the errors on the simpli ed cylindri-
cal brake assembly in Figure 14, providing some visual context for the gains the MF
surrogate model nets.
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