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Abstract

This paper introduces the multifidelity Quasi-Monte Carlo (MFQMC) method and
develops its theoretical foundation. Multifidelity methods leverage the correlation of
a fixed high-fidelity model with cheaper low-fidelity models to improve the accuracy
(respectively, cost) of estimating high-fidelity statistics, compared to single-fidelity
approaches for the same computational budget (respectively, target accuracy). The
MFQMC method replaces the sample points in a multifidelity Monte Carlo (MFMC)
estimator (Ng and Willcox, 2014) by randomly shifted embedded lattice rules (Cools,
Kuo, and Nuyens, 2006) to obtain an unbiased estimator of the high-fidelity expecta-
tion. For a root mean-square error demand of £ > 0, the MFQMC estimator has a
sampling cost of nearly O(¢~!), which is provably better than the corresponding cost
of O(e72) for MFMC. The paper proposes a model selection algorithm using pilot sam-
ples to choose a combination of models which minimizes the theoretical error bound
and total cost, based on the theoretically derived optimal sample size for each model
in the multifidelity ensemble. The MFQMC algorithm then adaptively increases the
number of samples for the chosen models until a desired error or budget threshold is
met. We compare the performance of the MC, QMC, MFMC, and MFQMC methods
in estimating the expected ten-year change in the ice volume above floatation of Pine
Island Glacier under uncertainties in the basal friction field.

1 Introduction

In this paper we develop a theoretical foundation for multifidelity Quasi-Monte Carlo
(MFQMC) methods. We formulate an MFQMC algorithm and demonstrate its success
in reducing the computational cost of uncertainty quantification (UQ) for the problem of
estimating the expected change in ice volume above floatation of the Pine Island Glacier
in West Antarctica over a ten-year period.

For many scientific and engineering problems, quantifying uncertainty is of critical
practical importance yet the cost of high-fidelity simulations is prohibitively high for UQ
methods, which typically require hundreds to thousands of simulations. Low-fidelity mod-
els, for example, computed with coarser meshes or using simplified physics, are cheaper but
can be inaccurate. Multifidelity Monte Carlo (MFMC) methods [50, 52, 53, 54] combine an
ensemble of models with varying fidelities in an estimator of the high-fidelity expectation
that has, in comparison to using one single high-fidelity model, reduced computational
cost to achieve a given error threshold, or reduced error for a given computational budget.
MFMC has been shown to achieve orders of magnitude speedup in UQ tasks for a broad
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range of scientific and engineering problems, such as aerospace applications [14, 50, 51],
Earth and climate systems [2, 26, 36], and plasma micro-turbulence analysis [39]. MFMC
also provides an underpinning for multifidelity approaches to active subspace and covari-
ance estimation [45, 46, 47].

MFMC shares some common features with multilevel Monte Carlo (MLMC) methods
[20, 21], which have also been used to accelerate UQ in many application areas, such as
random PDEs [6, 9, 58|, dynamical systems [1, 29], and engineering and finance [4, 13,
35]. It is important to recognize that MFMC differs from MLMC both philosophically
and algorithmically in a number of key ways that lead to different theoretical results
and change the frame of reference in which the computational gains of each method are
assessed. Firstly, the multifidelity models are not necessarily nested nor ordered in an
obvious way; they are driven by what models or codes are readily available. On the
other hand, the levels in MLMC typically arise from a single model using a carefully
chosen sequence of refinement in resolution, e.g., increasing dimensionality or reducing
finite element meshwidth. Secondly, in MFMC the sample points are deliberately nested
and reused, whereas in MLMC the sample points are typically independent across levels.
This leads to a different structure in the estimators and their mean-square errors. Thirdly,
in MLMC the ground truth is usually the limit of a converging sequence and there is a
truncation error referred to as the bias, whereas in MFMC the highest fidelity model is
considered to be the ground truth with no bias. MLMC analysis then usually targets the
convergence rate of the cost-versus-error balance relative to standard MC on a sequence
of finer levels, while MFMC analysis targets the improvement in the implied constant
relative to standard MC on the given highest fidelity model.

Other related methods include multi-index Monte Carlo (MIMC) methods [28] which
can be described as applying multilevel methods to several refinement aspects at the same
time, yielding a similar structure to sparse grid techniques [5]; and also approximate
control variates (ACV) [24] and multilevel best linear unbiased estimators (MLBLUE)
[10, 57] which, like MLMC and MFMC, follow the control variate viewpoint to find the
best scaling of estimators.

With standard (single-level, single fidelity) MC methods, to achieve a root mean-square
accuracy of € requires N = O(¢~2) samples, and so the cost is proportional to ¢~2. How-
ever, the total cost is also proportional to the cost of a single sample on that level. When
the limit of a converging sequence is the ground truth (i.e., the multilevel perspective), re-
ducing the overall error also requires switching to a finer level of resolution which increases
the cost of each sample. As a result, the total cost is often O(¢~3) or worse. In this set-
ting, under favorable conditions MLMC restores the O(¢~2) total cost with most samples
being computed with O(1) cost, independent of the target accuracy e. Similarly, MEMC
(with the highest fidelity model being the ground truth) has the same O(¢~2) total cost
with most of the samples being obtained using the cheapest lowest-fidelity model. In this
paper, we go beyond these MLMC and MFMC improvements to achieve a provably better
convergence rate: the main contribution of this paper is to provide theory for multifidelity
Quasi-Monte Carlo (MFQMC) methods, to yield a provably better rate close to O(¢™1).

Quasi-Monte Carlo (QMC) methods [11, 12] are designed to be better than MC for
high-dimensional integration and approximation problems. QMC has been applied suc-
cessfully, with full theoretical justification, to compute expected values of quantities of
interest involving parametric PDEs in uncertainty quantification (UQ). Recent applica-
tions of QMC in UQ include, e.g., tumor growth modeling [16], wave scattering [25],
optimal control [27], random domains [30]; see [41] for a survey of earlier theoretical
works. Beyond computing expected values, QMC has also been used for function approx-
imation, including, e.g., probability density estimation [18], kernel interpolation [37], and



deep neural network training [38]. QMC has long been used to improve the convergence
rates of multilevel methods in mathematical finance [23] and for parametric PDEs, e.g.,
[15, 19, 43, 44]. QMC has also been combined with multivariate decomposition meth-
ods (MDM) [17, 42], which are also cost-saving methods and are particularly suited for
infinite-dimensional problems requiring efficient truncation strategies [48, 49]. Control
variates with QMC have been considered in [3, 33]. Randomized QMC is often used in
practice to ensure that the estimators are unbiased and also to allow for practical error
estimation. Common QMC randomization strategies include shifting, digital-shifting, and
scrambling [31].

In this paper, we put the powerful theory of QMC’s improved convergence rates to-
gether with the practical computational gains of multifidelity methods, providing theory
and an algorithm for MFQMC. Due to the need for sample reuse, an essential property we
will need in MFQMC is the embedding property of a good QMC sequence, namely, that
every initial block of the sequence is of good quality. In this paper we will make use of
randomly shifted embedded lattice rules [7] constructed to have this good property. While
this good embedding property may hold for many other QMC sequences, lattice rules have
another essential property that is needed for our theory in this paper: the lattice points
form a group under addition modulo the integers, meaning that the sum or difference of
any two lattice points is another lattice point. This is the essence of our key result in
Lemma 3.1 below. An analogous result can be obtained for randomly digitally-shifted
digital nets [11]. Sample reuse with QMC has been considered previously in [55], but
without theoretical justification.

The structure of the paper is as follows. In §2 we provide background on random-
ized QMC and review key results for MFMC, setting the scene to present our theory for
MFQMC in §3. Then in §4 we carry out numerical experiments, first for a simple test
problem and then for a simulation of Pine Island Glacier. Finally in §5 we give concluding
remarks.

2 Background

We consider the integral over the s-dimensional unit cube

where the dimensionality s is large. This can be equivalently formulated over the trans-

lated unit cube [—%, %]s , or any translated and rescaled bounded domain. We use y =
(y1,...,ys) € [0,1]° as the integration variable over the parametric domain, reserving x

for the spatial variable for the PDEs. An integral over the unbounded domain R?® can be
mapped into the unit cube with an appropriate change of variables.

2.1 Monte Carlo method

A simple Monte Carlo (MC) estimator for I(f) is
N—

,_\

1
= ft; (2.1)
=0

QMC

with i.i.d. uniform random samples {¢; : 7 =0,...,N — 1} C [0,1]*. The MC estimator is
unbiased, i.e., E[QMC(f)] = I(f), and its mean-square error (or variance) satisfies

mse(QY'C(f)) = VIQV(f)] = E[IQY°(f) — I(f)I*] = ; (2.2)
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Figure 1: Applying a (0.1,0.3)-shift to a 64-point lattice rule in two dimensions. Left:
original lattice. Middle: moving all points by (0.1,0.3). Right: wrapping the points back
inside the unit cube. Figure from [11, Figure 2.3].

where o2(f) := I(f?) — [I(f)]? is the variance of the function f. In practice, an estimator
for the mean-square error is given by

N—

mse(QMC(f)) QMC(f)) (2.3)

=0

,_n

2.2 Randomized Quasi-Monte Carlo method

Quasi-Monte Carlo (QMC) rules take the same form as (2.1) but the points are determin-
istically chosen to be “better” than random. A shifted QMC rule [11, 12] that estimates
I(f) takes the form

1

N—-1
QM) =QME(f,a) = D f(It:+ A, (2.4)
1=0

where A € [0,1]® is the shift, and we use double brackets [-] around a vector to indicate
that we take the fractional part of each component in the vector, or more precisely, the
double brackets mean the operation “modulo 1”. For example, [(1.7, —0.4)] = (0.7,0.6).
Figure 1 illustrates the process of shifting a QMC rule with N = 64 points in s = 2
dimensions.

QMC error is often expressed in terms of its worst case error in a normed function
space H. For the shifted QMC rule (2.4) this is defined by

e ({ti5 A) = sup [QWMO(f,A) —I(f)].
FER S In<1

Due to linearity, it follows that for any integrand f € ‘H we have

QWIC(f, A) — I(f)] < e5" ({t 0" A) |1 £l (2.5)

In other words, the QMC error is bounded by its worst case error (depending on the points)
times the norm of the integrand. This generalizes the classical Koksma—Hlawka inequality
for low-discrepancy sequences. Explicit expressions for the squared worst case error are
known for reproducing kernel Hilbert spaces. The convergence rate for the worst case
error will depend on the pairing of a particular QMC rule with an appropriate function
space. See [11] for a detailed survey on QMC theory.



A randomly shifted QMC estimator, in which A is uniformly distributed in [0, 1]*, is
unbiased, since

QMC
EalQC(f, A Z/ F(It: + A d Z/o”s y)dy = I(f),

where the subscript in [Ea highlights that the expected value is taken with respect to the
random shift A € [0, 1]° rather than the deterministic points {¢;}. Later we will use the
notations Vo and Cova analogously.

For completeness, we show how to do the change of variables involving [-] in one
dimension. We substitute y =t + A for A<l —-tandy=t+A—-1for A >1—-t, to
obtain

1-t 1

/f[[t+A]] JdA = [ f+A)dA+ [ fE+A—1)dA
1-t

1 t
~ [ 1w+ [ =100, (26)
t 0
The mean-square error (or variance) of a randomly shifted QMC rule satisfies
mse(QMC(f)) = Ea[|Q¥C(f, A) = I(f)[]

< Baler (Yol AR IS = ({2 172 <
> BEA i=0 H ey H —

ot (27)

where we made use of (2.5) and the “shift-averaged” worst case error

BN = VEaley (it A2 < L
For the purposes of this paper it suffices to say that we know how to construct “good”
randomly shifted lattice rules (see the next subsection) in first-order mized Sobolev space
such that the shift-averaged worst case error is bounded of the form %, with the con-
vergence rate p ~ 1. Here the “constant” ci | ||, can be bounded independently of the
dimension s, with appropriately chosen weight parameters for the function space, provided
that f has the appropriate ordering of the variables in decaying importance, see [11]. This
is a clear improvement over MC.
A deterministic QMC rule is biased. QMC with a single random shift provides an
unbiased estimator of the integral and a superior convergence rate to MC, but a single

random shift does not allow for practical error estimation. In practice, we use a small

number of independent random shifts A1,..., Ar and take the average
C 1 &
QRN = 5 > QWL A
k=1

as the final approximation to I(f). The corresponding mean-square error satisfies

1 lIf1I3

mse(Q" (1) < & Lo

A practical estimate for the mean-square error is given by
R
mse(QR (1) ~ g =gy 2o (@MU A0 = QRY(N) (2.8)
k:l

5



Since we have a higher convergence rate with respect to N than with respect to R, we
keep R fixed (e.g., R = 16) and increase N as appropriate in practice.

As a fair comparison between MC and RQMC in terms of the number of function
evaluations, we should take in practice NMC¢ = R NQMC,

For simplicity, in the following theoretical discussions we consider first R = 1.

2.3 Embedded lattice rules

The points of a (rank-1) lattice rule with N points are given by

ti:[[%ﬂ—%modl i=0,... N—1, (2.9)
where z € 7Z° is the generating vector which determines the quality of a lattice rule.
Typically, a choice of z is “good” only for a fixed value of N.

In an embedded lattice rule [7, 32, 34], a single generating vector z is designed to be
“good” for a range of values of N = 2™ for mui;m < m < Mpax. The limits mpyi, and
Mmax can be specified according to our needs in practice. In such a scenario, the points
are treated as a sequence ordered according to

ti:[[qﬁrad(i)z]], i:0,1,2,...,

where the radical inverse function ¢paq(i) is defined as follows: if i = (- -igi1ip)2 is the
binary representation of the index i, then ¢,q(7) = (0.ig¢1i2 - - - )2 flips the bits around the
binary point.

If we only want to work with complete lattice rules with N, = 2™¢ points (they do not
need to be consecutive powers of 2), then we do not need the radical inverse function to
generate the points. Suppose we already have the N points of the lattice rule from (2.9).
To double the number of points, we can keep the existing N points and then generate N
new points using the formula (2.9) with N replaced by 2N and take only odd indices i.

2.4 Multifidelity Monte Carlo method

Suppose now that fp is the ground-truth model. We assume that there are surrogate
models fi, fa,... of possibly decreasing fidelity and cost (the ordering is desired but not
essential). Multifidelity Monte Carlo (MFMC) methods can be viewed as iterated control
variates to estimate I(fp)

No—1 L Ny—1 Ne—1—1
QUFMC(fy . L Z folts +Zo‘f( Z folt; ) (2.10)
=0 /=1

where for L > 1 we have real coefficients {a}L_,, one single sequence of points {t;};>0 in
all terms, and a strictly increasing sequence 1 < Ng < N1 < Np < ---
The MFMC estimator (2.10) is unbiased, since

E[QMFMC(fO)]:/[Ol]s.../[013QMFMC(fO)dto...dtNL—l

No—1 Ny—1 1 Ny_1—1
- % > 1) +ZO¢£( DIRLOES DD 1(£) = 1(fo).

The following theorem states the mean-square error (or variance) which requires account-
ing for the sample reuse across the levels; it is originally from [53, Lemma 3.3].



Theorem 2.1 (MFMC variance reduction) The mean-square error or variance of the
MFMC estimator (2.10) with 1 < Ny < N; < Np < --- is

mse(QMFMC(fO)) = [QMFMC (fo)]

L
() +Z < £ ) )(0450' (fg) —QagU(fg,fo)) (2.11)
/=1 -
which is minimized by taking
aZ:W forallt=1,...,L, (2.12)
giving the minimum
L
mse( @YV o)) -3 (- ) Tl (2.13)
(=1

where o%(fr) == I(f2) — I(f0)? is the variance of fo, and o(fe, fo) = I(fs fo) — I(fe) I(fo)

s the covariance between f; and fy.

To pave the way for our later MFQMC analysis, we provide a complete proof of The-
orem 2.1. The proof relies on the following magic lemma on MC sample reuse, which
originally appeared in [53, Lemma 3.2].

Lemma 2.2 (MC sample reuse) Let F,G € Ly([0,1]%). For a single sequence of inde-
pendent uniform random points {t;}i>0 C [0,1]%, let Qn(F) := + Zil\;f)l F(t;). Then for
all Ny N" > 1, with Nyax := max(N, N') and Npi, := min(N, N'), we have

o(F,Q)

Covl@n(F), Qu/(G)] = 52, o(F,G) := I(F G) — I(F) I(G).

The key observation is that the covariance depends only on Npyax, i.€.,

Cov[QN (F), Qu/(G)] = COVIQNe (F), Qs (G))- (2.14)
Proof. We have
11 N—-1N'-1
CovlQu(F), Qn(G)] = 1577 D D Cov[F(t:). G(ty)]
=0 /=0
Npin—1
=t O (EFE) G - 1) 16) = 5,

where the 7 # ¢’ terms vanish because the points ¢; and ¢, are independent so E[F(t;) G(t;)] =
I(F)I(G). O

Since each coefficient ay scales fy in (2.10), we can write MEMC succinctly as

L
QM (o Z Qn,(90) = Qn, 1 (90)),  90:= e fo, (2.15)
=0

with g :=1, @n_, :==0, Ny :=0and 1/N_; := 0.



Proof of Theorem 2.1. The mean-square error of (2.15) can be written as

L L
mse(QM™MC(f0)) = >N Cov[Qu, (90) — Qi (92), Qn, (90) — Qn,_, (907)]

=0 ¢'=0

L
= V[Qn,(g¢0) — Qn,_, (90)]
=0

+2 Z Z (COV[QN[ (90), Qn, (ger)] — Cov[Qn,(9e), Qn, _, (ge)]

0=00=011
— Cov[Qn,_,(9¢), @n, (9e)] + Cov[Qn,_, (9¢), AN, _, (gef)])- (2.16)

Applying (2.14) to (2.16), we conclude that all £ # 0 terms in the double sum cancel out,
giving

L
mse(QY™MC(f0)) = V[Qny (90)] + Y VIQn, (90) — @i, (90)]
=1

L
+ 23 (CovlQu (90), Qo 90)] = Covl@u,_, (90), Qo (90)]), (217)

(=1

where we can use (2.14) again to write for £ > 1,

VIQn,(90) — @n,_,(90)] = VQN,(90)] — 2 Cov[Qn,(g0), @N,_, (90)] + VIQnN,_, (g¢)]
= V[Qn,_,(g90)] = VIQn,(g¢)]- (2.18)

Finally we apply (2.2) to (2.17)7(2.18) to obtain

o2 L o(ge, a(ge,
(- S <y (1 - )

mse(QMFMC(f

~

+ Z (Ne 1 Ne) (0(g¢) — 2(ge: 90))-

Substituting go = fo and g¢ = ayfy yields (2.11). The optimal choice o follows easily
from (2.11), since a?A — 2a/B is minimized at o = B/A when A > 0. O

The mean-square error of the MFMC estimator (2.10) can be estimated using the
sample variance if Nyy; — Ny > 2 for £ =0,...,L — 1. To see this, we regroup the sums
in (2.10) in terms of independent samples t; as

L Ng-1 i(t) L 1 1
MFMC {4
= ho(ts),  he(t) == (v = v ol
QIN) =Y D et helt) =B+ Y (5 - )t
£=0i=Nyp_; k=t+1
with g¢ := ay fr and agp := 1. Then we may use an unbiased estimate for each V[h| as

follows

=0
L Ny—1 Ne—1 2
Ny — Ny_q Z < 1
~Yy he(ti) — > he(ti) (2.19)
prd Ny— Ny —1 Ml N¢— Ny Myl
~E[hy]



3 Multifidelity QMC method

Consider a single QMC sequence {t;};>0 and one random shift A. With g, := oy fo,
apg:=1,and 1 < Ny < N1 < Ny < ---, we define the MFQMC method by

No—1
QYFME(fy) = — Z go([t: + A])

L Ny—1 Ne—1—-1

+Z( Z ge([ti + A]) — gu([ti + A]))
=0

L
Z QNg gé QNe_l(gf))v (3'1>
=0

where we now define Qn (F) := + Zz‘]\i_ol F([t; + A]) for any F' € Ly(]0,1]*) and N > 1,
with Qn_, := 0, Ny := 0 and 1/N_; := 0. The succinct MFQMC expression (3.1) is
deliberately written to match (2.15) for MEFMC, but now the randomness arises from the
shift A and not the points {t;}.

Recall that a randomly shifted lattice rule is unbiased, see (2.6). The MFQMC esti-
mator (3.1) is therefore unbiased, with

Ea[QYMC(fo)] = /

L
QMFME(fo) dA = I(go) + Y (I( gr)) = 1(g0)-
[0,1]¢ =1

3.1 Variance of MFQMC

For any QMC sequence {t;};>0, the mean-square error (or variance) of the MFQMC
estimator (3.1) with respect to the random shift A can also be expanded in the form
(2.16). Interestingly, if we use randomly shifted embedded lattice rules in MFQMC, then
we have the following magic lemma for sample reuse, analogous to Lemma 2.2 for MFMC.
Hence we can express the mean-square error of MFQMC also in the form (2.17)-(2.18).

Lemma 3.1 (QMC sample reuse) Let F,G € L?([0,1]°). For a randomly shifted em-
bedded lattice sequence with points {t;}i>o C [0,1]° (where the initial 2™ points for every
m > 0 form a complete lattice rule), let Qn(F) == Zf\igl F([t; + A]). Then for all
N =27 N' = 2" with m,m’ >0 and Nyay := max(N, N’), we have

Nmax—1
CovalQn(F), Qu(G)] = 57— > (FxG)t) - I(F)IG), (3
A =0

where we defined a correlation operator

(F+G)(@) = / F(l + v]) Gly) d.

[0,1]*

Since I(F xG) = I(F)I(G), the covariance (3.2) is the cubature error for F x G.
The key observation is that the covariance depends only on Nyax, i.€.,

Coval@N(F), Q' (G)] = CoVA[QNpax (F); @ Nppar (G)]- (3.3)



Proof. We have

N—1N'—1
Coval@n (F), Qni(G)] = Nﬁ Z Cova[F([t: + A]). G([ts + A])]
~1N'—1 e
-y ¥ Z; S [ P+ AD Gt + ADAA 1) I(C)
Using a change of variables, we can write
/[071}8 F([t: + A]) G([ts + A])dA = o F([t: — ts +y]) G(y) dy.

In one dimension, this works as follows
1
/ F([t: + A]) G([tr + A]) dA
0

_ /l_t” F([ti + A]) Gty + A) dA+/1 F([ti+AD Gty + A= 1)dA
0 1

—t;

1 ty
=/ F([[ti+y—tif]])G(y)dy+/0 F([ti+y+1—ts]) G(y)dy

1
— /0 F([ti — ty +y]) G(y) dy.

Thus, with our definition of the correlation operator F'x GG, we can write

—1N'—1

Coval@n(F), Qn (@) = 1 LS S el a - 1016, (5

i=0 /=0

The significance is that the terms in (3.4) now depend on the difference [¢; — ¢;] rather
than on the two points separately.

Assume without loss of generality that N’ < N. Then for any fixed index i’ < N’, we
claim that the following two point sets are the same:

P1 Iz{ﬂti—ti/]] . iZO,...,N—l},
PQS:{ ti ZiZO,...,N—l}.

Note that P» is the lattice point set with N points, while P; is obtained by shifting (modulo
1) all points in P, by the lattice point ¢;. Since t; € Pa, the group property of lattice
rules ensures that P, = P». Hence we can reduce the double sum in (3.4) into a single
sum as follows:

—1N'—1 N'—-1N-1

NN,Z S (FO)[t—t]) = oy 3 S (FrG)(t) = 3 (F (k).

i=0 /=0 /=0 =0 )

2

I
=)

which yields (3.2). We have also
1F+6G)= | F(le + y]) G(y) dy da
(0,15 J[o,1]s

_ / F(a')da’ G(y) dy = I(F) I(G).
[0,1s J{o,1)s
Thus (3.2) is the cubature error for the integrand F * G. O

10



While the covariance (3.2) is explicitly the cubature error for the integrand F * G,
rather than working to establish a norm bound on F' x G, it is easier to obtain a bound on
the covariance in terms of the original functions F' and G. Using (2.7) and (3.3), we can
bound a general covariance term as follows:

| CovalQn (F), Qn(G)]| = | CoVA QN (F), QN (G)] |

< VVAQNo ()] V/VAIQ N (G)]

= VEA[QNur (F) = I(F)2] VEA[|QNpa (G) — 1(G)?]
e ({2 I Fll 1Gla
A lE Gl

— 2
N, In%,x

IN

: (3.5)

where 1 =~ 1 under an appropriate function space setting [11].

Recall that the key property (3.3) for MFQMC is exactly the same as (2.14) for MEMC,
and thus the mean-square error (or variance) of MFQMC can also be written as (2.17)—
(2.18), as we state in (3.6) below.

A crude upper bound can be obtained using the triangle inequality, with the difference
of two covariances in (2.17) bounded as |a — b| < |a| + |b| followed by (3.5), giving

2
g0 gz ge H 9ollH
mse(QMFNC( ) < HH+Z ol 42 i llgell lgollse

L
/=1 Zl Zl

This bound loses all cancellations between covariance terms and overestimates the con-
stant. In the theorem below we regroup the covariance terms to capture cancellations
between models and improve the constant.

Theorem 3.2 (MFQMC variance decomposition) For the MFQMC estimator (3.1)
given by a randomly shifted embedded lattice sequence, with Ny = 2™ and 1 < Ny < N1 <
Ny < ---, its mean-square error or variance is

L
mse(QMC(fo)) = Va[Qno (fo)] + Y af ValQn, (fo) — Qn,_, (fo)]

=1
L

+2 " arCoval@n,(fr) = Qn,_, (), @ny (fo)], (3.6)
=1

which is minimized by taking

. —CovalQn,(fe) — Qn,_,(fe), @y (fo)]

oy = foralll=1,... L. 3.7
¢ Va[@n, (fe) — @n,_, (fe)] (3.7

The mean-square error (3.6) can also be written as
mse(QMFMC( £y Z Ey, (3.8)

E, = COVA (Qn,(9e — ge+1); @N, (290 — g0 — ge41)],
with gr4+1:=0, g := ay fo, g :=1, apy1 :=0, and it satisfies (cf. (2.7) with p~1)

MFQMC = “owe
mse(Q (F)) <Y1 <> 5, (3.9)
=0 =0 Né

Wy = Ci lge — geall 190 — g¢) + (90 — Ge1) |-
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Proof. The expression (3.6) follows immediately by combining the two covariance terms
in (2.17) and substituting gr = ay fo. The optimal o follows directly from (2.17), since
a?A + 2aB is minimized at o = —B/A when A > 0.

Starting again from (2.17)—(2.18), we can write

L
mse(QUFMC (o)) = Va[Qng (90)] + Y (ValQni (90)] = ValQu (90)])

(=1
L
+2 " (Coval@n,(90), Qi (90)] = Cova Qi (96): Qe (90) ).
(=1

where we used (3.3) to replace Qn,(g0) by @n,(g0) and Qn,_, (go) inside the two covariance
terms. Using linearity of )y and bilinearity of covariance, we combine terms with respect
to Qn, and Qn,_,

nrlse(QMFQMC (fo)) = Va[@n, (90)]
L L

+ > Coval@n,(90): @, (290 — )] = > Coval@n,, (90), @n,, (290 — g¢))-

(=1 /=1

Next we reindex the second sum and separate out terms involving Qn, and @Qn;,

mse(QMFMEC(£5)) = Va [Qny, (90)]

L—-1
+ Cova[@n, (92), @n, (290 — 91)] + D CovaQn, (9¢), @n, (290 — go)]
—
L—l1
— CovalQny(91), @no (290 — 91)] = > CovalQn, (ge41), @, (290 — ges1)]-
/=1

Finally we combine terms according to @)y, by factorization

mse(QMFMC( f4)) = Cova [Qn, (90 — 91), Qg (90 — 91)]
L—1

+ Y CovalQn, (90 — gr41), @, (290 — g¢ — ge11)]
=1

+ Cova [Qn, (91), QN (290 — 91.)],

which yields (3.8). Applying (3.5) to (3.8) yields the final upper bound. O

3.2 MFQMC with multiple random shifts

So far the MFQMC estimator (3.1) has one random shift A. In practice, we will take R
independent random shifts Ay, ..., Ag to allow for error estimation. With a slight abuse
of notation, we write

R
MFQMC (. %ZQMFQMC(fO’ Ay). (3.10)
k=1

Its mean-square error is 1/R of the mean-square error with a single shift in (3.8), i.e.,

L

(fo)) = %ZEA Ey := CovalQn,(9¢ — 9e+1), @, (290 — 9¢ — ge1)],
=0

mse(Ql\RleQMc

12



which can be estimated in practice by

=

mse(QMFQMC(fO) Z QMFQMC for Ag) — %FQMc(fO))g (3.11)
k:l

Summing up estimates of E; or |Ey| and then dividing by R gives an alternative estimate
for the mean-square error of MFQMC.

Our theory for MFQMC hinges upon the property (3.3) that the covariance is de-
termined by Npax independently of Npin. This allows us in theory to freely replace the
smaller of N and N’ in the covariance by any value up or down between Ny, and 1. To
compute the covariance for Fy in practice, we would need to replace the second @y, by
@N,, since it is expensive to evaluate the highest fidelity model fj.

We computed (3.3) numerically for two 1-dimensional test functions F,G and a se-
quence of sample sizes for N, N’ using a machine-precision quadrature rule to compute
the covariance, and verified that the covariance is indeed determined by Ny ax regardless of
Npin. However, when we estimated the covariance using samples over the random shifts,
ie.,

1 & — _
Coval[@n(F), Qn(G)] ~ 75— > (F.—F)(Gy - G), (3.12)
k=1
where F}, := % Zz]i_ol F([[ti + Ak]]), F = R k 1FI<:7 Gy = N vazlo_l G([[ti + Ak’]])> and
G = % 25:1 G, we obtained severely inaccurate estimates that change depending on the
ratio Npax/Nmin, €ven with R in the thousands. This is due to the high variance of the
covariance estimator.
Instead of using (3.12) to estimate Ey in our algorithm, we will use the upper bound

(cf. (3.5))

| Cova[Qn (F), Qv (G)]] < v/ VAIQ Ny (F)] V/ VA[Q Ny (G)],

where the variances can be estimated by

R

and then rescaled based on (3.5) to give

Va @ (P = ValON(F)) ()

Thus in practice we can estimate |Ey| ~ Wy /N2, where

Wy = \/VA[QNg (90 — 9e41)] V/Va[@no (290 — ¢ — ge41)] (Ne No)X. (3.13)

3.3 MFQMC cost-versus-error analysis

We now derive the theoretically optimal sample sizes Ny as real numbers (rather than
powers of 2 or integers) to help guide our practical algorithm.

Theorem 3.3 (MFQMC optimal sampling) The MFQMC estimator (3.10) has

L
cost(QMFQMC Z RN;Cy and mse(Ql\/IF(‘QMC ) < Z

=0 =0
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where Cy is the cost for one single evaluation of model fp, and Wy is the level-f constant
in the mean-square error bound (3.9). Given a desired mean-square error demand €2 or a
mazimum total budget 3 > 0, the optimal sample sizes are

Co Wi\ zara
N;:N( )“ U e=1,....1I, 3.14
U (3.14)
(%) T Sﬁ Rfﬁ Eii for desired accuracy €2, or
Ny:=1{ G/, ves (3.15)
(Mg) ST RTIP for mazimum budget B,
L
— T BT
Si=) WM. (3.16)
=0
These choices lead to
cost(QMFQMC(f ) = S R E ek for desired accuracy €%, or (3.17)
mse( %[FQMC(f )) = S+l Rl B~ for mazimum budget 13.

Proof. To find the optimal values of {N,} to achieve a mean-square error demand £2, we
use the Lagrange multiplier argument:

L L
Eaccuracy<N07 ceey NL, )\) = ZRNE CE + A <Z RV][\/}Q# - 82)?
=0 ¢

aﬁaccuraey —RC 2 H A WZ 8Eaccumcy _ i WE

2
_ _ — —e2=0. 3.18
ONy ‘TR N oA < RN : (3.18)

The first condition in (3.18) gives Nf“Jrng/Wg =2uM/R%forall ¢ =0,...,L, and thus
N O /Wy = Ng#H Co /Wy for all £ = 1,..., L, yielding the formula for Ny in (3.14).
This choice of Ny leads to

L L
Z Wy Z Wy 1 <W0)25i15 (3.19)
- 2, - ) .
=0 RN =0 RJVM(ISJT%%)Q”il RNG# A Co
L 1
Co Wi\zir Co \zar1
;_O:RNg Cp = § :RNO( ) Cr= RN, <W0) s, (3.20)

with S defined by (3.16). Setting (3.19) to be equal to €2 (i.e., satisfying the second

condition in (3.18)) gives the first formula for Ny in (3.15). Plugging this formula for Ny

into (3.20) then yields the final cost expression for the case of a desired accuracy 2.
Alternatively, to work with a maximum budget I3 we consider instead

Lo,
‘Cbudget(NO,-..,NL,)\) ;:Z >
=0 RNKM

+A<iRNgCg—B),
/=0

8Ebudget 2 I WE aﬁbudget L
= — ARC;=0 — = g RN, Cy—B=0. 3.21
ON, RNz A= on e 5 (3:21)

The first condition in (3.21) gives NE”HCK/WE =2u/(AR?) forall ¢ =0,..., L. Thus we
obtain the same formula for Ny in (3.14), as well as (3.19) and (3.20). Setting (3.20) to
be equal to B3 (i.e., satisfying the second condition in (3.21)) gives the second formula for
Ny in (3.15). Plugging this formula for Ny into (3.19) then yields the final mean-square
error bound for the case of a maximum budget 3. O
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We see from the theorem that the optimal cost for a given desired accuracy, and the
optimal mean-square error for a given maximum cost, are both increasing functions of the
number of random shifts R when the anticipated convergence rate satisfies u > 1/2. So
we want to keep R as small as possible as long as it gives reasonable variance estimates in
practice. Moreover, since the optimal cost and optimal error are both increasing functions
of the scaling factor S, but otherwise independent of the selected models, in practice we
should select models to minimize S.

3.4 MFQMC algorithm

Our MFQMC method is a combination of Algorithm 1, which takes care of model selec-
tion, and Algorithm 2, which successively increases the number of samples until a desired
accuracy or maximum budget is reached.

Algorithm 1 (MFQMC model selection) Input: High-fidelity model fy = fo, other
models f1,..., fL...» Lmax > 1, number of random shifts R > 2, number of pilot samples
N, = 2™ > 1, dimension s > 1, extensible QMC sequence {¢;};>0 C [0, 1]°, anticipated
rate of convergence p > 0.

1. Generate independent random shifts Aj,..., Ag € [0,1]*.
2. Evaluate and store for £ =0,...,Lypax and k=1,..., R:

Apmo = 7 SN e[t + A,
e :N%ZN* VIRt + Ax]) - Em*,lw
Gook = - Dy Y fo(Tts + Ag]) fo([ts + Ax]) — Aok Avim ks

oy — L %00k 90,6,k
ay = Rzkzl 52, o : RZk 150 k00s"

and record average cost Cy for one single evaluation of ﬁ.
3. Rescale averages by coefficients Avf7m*7k — ay gg,m*,k for all £ and k.

4. Sort and reorder models according to |po.1| > |po2| > -

5. Model Selection Loop: For every combination u = {j1,...,jr} € {1,..., Lmax} of
models (fo, f1,-..,fr) = (fo, firs-- -, fin):
a. Identify Apm. k = Ajym. ks Co = Cjpy Apsima i = 0.
b. With Ay ,,, = % ZkR:1 Agm, i, compute

W i= 2070 JoL S (Av b= Arm.) — (Aes L = Aeg1m, )2

x\f7r S 2 (Ao ek~ Ao m.) (Ao, b~ Aem.) ~ (Arstmo b= Aesrm. )],

c. If %f > W;—Ll for any £ = 0,...,L — 1, then set Sy := co. Otherwise, estimate
1 2u
the anticipated mean-square error and cost scaling S, := Zf:o W;““ CZ““.

6. Return: u, :=argmin,cg 1. 3Su-

Algorithm 2 (MFQMC algorithm) Input: Preselected models {f;}Z , from Algo-
rithm 1, L > 1, number of random shifts R > 2, number of pilot samples N, = 2"+ > 1, di-
mension s > 1, extensible QMC sequence {t;};>0 C [0, 1]®, anticipated rate of convergence
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p > 0, accuracy demand €2 € (0, 1), maximum budget I3 > 0, as well as previously stored
control variate coefficients {a,} ), model costs {C¢}L, random shifts { A}, < [0, 1],

and averages Ay, k= N% ZZ].V:*()_l ay fo([ti + Ag])-
Initialize: Ny = 2™ with my =my, + £ for £=0,..., L.

MFQMC' Loop:
1. Extend averages Ay, 1 = %A&m,m + 2% 2?227”1_1 ay fo([ti + Ag]) for m = m, +
1,...,my as required. Identify Az q 1 = 0.

2. Compute MFQMC estimator
MFQMC := L S°F  Qr,  Qk = Agmop + vy (Aemes — Avang 1 k)5

MSE := g5 Yofy (Qk — MFQNC)?,  COST:= Y.{_( RN, Cy.

3. If MSE < €2 or COST > B3 then Return: (MFQMC,MSE, COST).

4. With Z@}m = % ZkRzl Ay m i, estimate error contribution for £ =0,..., L:

|E€| = 2(m07me)u\/ﬁ ZkRzl [(Ag,mz,k _Zf,mz) - (Af—&-l,mz,k _ZE-I—l,me)]z

X\ 7 SR 2(A0 ok~ Aome) — (At — A mo) = (Aes1.mo k= Arr 1 mo)

5. For each £ =0, ..., L, estimate the cost-benefit ratio if Ny is doubled:

L
[Eel + 3741 05 | B

CBRy := N C - ,
¢ Cr+325 0110 N; Cj

where §; := 1 if N; also needs to be doubled to ensure that Ny < Nyyq < --- < Np,
otherwise d; := 0.

6. Set £* := argmax<y<;, CBRy. Double Ny« and subsequent values of N; accordingly.
Then return to Step 1.

In Algorithm 1, we use a tilde to denote quantities associated with all available models,
whereas quantities without a tilde refer to a specific combination of models. At the
beginning, we compute NV, pilot samples for all available models to estimate their cost and
covariances, and follow the MFMC strategy in [53, Theorem 3.4] to set control variate
coefficients ay := o (fo, f¢)/o?(f¢) and sort all models according to decreasing correlations
with the highest fidelity model p(fo, f¢) := o(fo, fe)/(o(fo) o(fe)). In Algorithm 1 we use
the estimated control variate coefficients and correlations for each shift and then take the
average.

For each of the 2Fmax possible combinations of models, we estimate {I¥,} using (3.13)
with Ny = Ny = N,, and eliminate any combination if % < ng—ﬁ is violated for some /;
this condition is needed to ensure that the sequence { Ny} from (3.14) is strictly increasing.
(While we need { Ny} to be a strictly increasing sequence for the MFQMC algorithm, from
the point of view of estimating the constants {W,} it is fine to use the same value N,
to estimate different W,.) Next, we estimate the scaling factor S in (3.16) and select the
combination of models for which this scaling factor is smallest.

The computation of ay in Algorithm 1 is based on the optimal value for MEMC in (2.12)
instead of the optimal value for MFQMC in (3.7). For MFQMC the formula (3.7) depends
on the values of Ny, and Ny_1, but we cannot get numerically accurate estimates of the
covariance using (3.12). Such inaccuracies are acceptable as rough indicators in the algo-
rithm (e.g., to decide which N, to double) but are not acceptable as final control variate
coefficients. More work is needed on how to reliably use the optimal oj for MFQMC.
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Once model selection is completed by Algorithm 1, in the main MFQMC loop in
Algorithm 2 we compute the MFQMC estimator and estimate the mean-square error
both from the outside (i.e., computing MSE in Step 2) and on the inside (i.e., estimating
each error contribution |Ey| in Step 4 and then computing + ZeLzo |E¢|). We estimate
{Wy} using (3.13) again but now with the correct values for Ny, Ny, and then estimate
|Ey| ~ Wg/NeQ“. Then we compute the cost-benefit ratio CBRy if Ny is doubled. This
follows the approach in [23], which is also used in [28] and justified based on the classical
knapsack optimization which gives a Pareto-optimal solution. We will also need to double
some subsequent N; to ensure that the sequence remains increasing.

The numerator of CBRy is the reduction in the mean-square error. If N, is dou-
bled, then the reduction in mean-square error theoretically is E;/R — Ey/(2**R) = (1 —
2724) Ey/R. Each doubling of a subsequent N; will contribute a reduction of (1-272*) E;/R.
This explains the numerator of CBRy, where the common factor (1 —272#)/R is dropped
because it is a constant and will not affect the optimization.

The denominator of CBRy is the increase in the cost. If Ny is doubled, then the increase
in cost is 2R Ny Cy— RN, Cy = R N, Cy. Each doubling of a subsequent N; will contribute
an increase of R N; C;. This explains the denominator of CBRy, again with the constant
factor R dropped.

We choose the index ¢ with the largest cost-benefit ratio, and double N, and subsequent
N; as appropriate. Then we update averages and return to compute the new MFQMC
estimator, together with updated estimates for the mean-square error and cost. This
process is repeated until a desired accuracy is achieved or the maximum budget is reached.

At every iteration of the MFQMC loop, we expect the estimate of % ZeL:o |Ey| ~
% Zf:o Wg/N;'u to follow closely the same convergence rate as the mean-square error
estimate MSE, just with a larger constant.

4 Numerical experiments

We compare the performance of MC, MFMC, QMC, and MFQMC for a simple illustrative
problem and a comprehensive Antarctica Pine Island Glacier simulation.

4.1 Simple illustrative problem

For y € [0,1])* with s = 128 and Ly,ax = 7, we define the functions fy = fo,

27—2 27—[

~ Yi Ui

ff(y) = Hexp (]%) :exp( E ]%)a KZO,...,LmaX,
j=1 j=1

and assign the costs ég := 2~¢ proportionally to the number of floating-point operations
required to evaluate f,. For this simple illustrative problem we know the exact value of
the integral I(fy) = H3;1 32 (exp(j72) — 1).

Figure 2 shows the sample root mean-square errors (2.3), (2.8), (2.19), (3.11) computed
in 100 independent runs of MC, MFMC, QMC, and MFQMC for a computational budget
of B = 10°. The setup, sampling cost, root mean-square error convergence rate (least-
squares fit) and relative error reduction factor (compared to MC) for each method are
summarized in Table 1. For QMC and MFQMC we use R = 8 i.i.d. random shifts of an
embedded lattice sequence {t;};>0 generated following [7] with function space “weights”
tailored to a spectral decay of O(52). MFMC~[53, Algorithm 1] with N, = 8 pilot samples

has a total pilot sampling cost of N, ij&x Cy = 15.9375. MFQMC with N, = 4 pilot
samples has a total pilot sampling cost of R N, Zf;“oa" Cy = 63.75. For each of the 100
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Figure 2: Sample root mean-square error for 100 independent runs of MC, MFMC, QMC,
and MFQMC. Because the MFMC sample variance formula (2.19) can only be evaluated
for sample sizes that are at least two apart, the plot includes the MFMC population
root mean-square error (1%.0 Z}fiol (QMFMC(f0) —I(f0))?)'/? over the 100 independent runs

QMFMC(fo), ..., Q%EMC(fO) of the MFMC estimator.

method setup ‘ sampling cost ‘ rate reduction
MC N Cy —0.50 1.0
MFMC N, =38 N, S fmes Gy + Sk o (Ny — N,) Cy —0.50 5.3
QMC R=38 RN Cy —0.99 316.5

MFQMC R =8,N. =4| RN, Y57 Cp+ RY fo(Ny — N,)C | —0.95  1690.8

Table 1:  Comparison between MC, MFMC, QMC, and MFQMC given total budget
B = 10°.

independent runs, L denotes the number of models selected by Algorithm 1 and N, > N,
for £ = 0,..., L is the sample size for f; chosen by Algorithm 2 under reindexing of the
selected models. At total budget I3 = 109, the sample root mean-square error of MFQMC
is reduced by a factor of 1690.8 compared to MC, and it converges at the rate B_O'%.

Figure 3 compares the sample root mean-square error obtained in 100 independent
runs of MFQMC Algorithms 1 and 2 for R = 2,4, 8,16 shifts. The least-squares fits show
that, as explained in Section 3.3, for the same computational cost, MFQMC performs
worse when R is large. However, for small R, the spread of the sample root mean-square
errors is relatively large, spanning up to two orders of magnitude for R = 2. A large
spread indicates that the variance estimate cannot be trusted in practice.

4.2 Pine Island Glacier

We model the change in ice volume above floatation of the Pine Island Glacier in West
Antarctica over a ten-year period subject to uncertainties in its basal friction field 8. The
complete modeling setup and model selection process are described in the Supplementary
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Figure 3: Sample root mean-square error (RMSE) computed in 100 independent runs of
MFQMC with R = 2,4, 8,16 random shifts and N, = 4 pilot samples. The least-squares
fit is computed for sampling cost between 10% and 10°.

‘ CPUh ‘ ty dofs/step ‘ velocity temperature
27.219 | 10 170,160 | 3D, HO, t-dep. 3D, t-dep.
0.211 | 10 31,905 | 2D, SSA, t-dep. 2D, const.
0.087 | 4 31,905 | 2D, SSA, t-dep. 2D, const.
0.006 | 2 10,635 | 2D, SSA, const. 2D, const.

W N = O

Table 2: Overview of models selected by Algorithm 1 for the Pine Island Glacier example,
listing average computational cost (CPUh) over pilot samples, the final time (¢;) and
degrees of freedom (dofs) per time step of the finite element solver, and how the velocity
and temperature fields are modeled (dimension, governing equation, time-dependence).
See the Supplementary Material for more details.

Material; here, we only give a brief overview.

The basal friction field 8 describes the sliding of the ice along any underlying bedrock,
determining the velocity with which the ice flows into the ocean. We model the uncertainty
in the basal friction field § with a log-normal distribution, i.e., In 8 ~ N (InSy,C). The
mean In By and the covariance operator C were tailored to satellite information of Pine
Island Glacier’s surface velocity and melt. We perform a Karhunen—-Loeve expansion
truncated at dimension s := 2048, thus

In B(a;y) ~ Info(x) + Y @7 (y) VAjpj(®), @ €p, yel0,1]
=1

where Qop C R? is the 2D horizontal extent of the modeled ice, y is uniformly distributed
on [0,1]%, ®~! is the inverse cumulative distribution function for the standard normal
N(0,1), and (Aj, ;) are the eigenpairs of C. For QMC and MFQMC we use R := 8
random shifts of an embedded lattice sequence {t;}i>0 C [0,1]°. The realization of the
friction field at the ith lattice point with the kth shift is denoted by A(x;y®*) with
yi’k = [[ti —+ Ak]]

The ice volume above floatation V() is defined as the volume of the glacier’s ice at time
t € [0, 10] that would contribute to sea level rise when melted. The difference V,(10)—V,(0)
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Figure 4: Left: Log-friction offset In 8(z;y) — In Bo(x) for y*! = A; (top) and y'! =
[t:1 + A1] (bottom). Right: induced change Va(z) (t;y) — Va(e)(O;y) in ice volume above
floatation for models ¢ = 0,...,3 over time ¢t € [0,10]. Dashed lines are used in the
extrapolation intervals of models £ = 2 and £ = 3.

measures the volume of sea level relevant ice that the glacier has gained or lost over the
ten-year period, for example through melting. The ice volume above floatation V,(t) is
computed from the 2D ice thickness field h(t) at any time ¢ € [0,10]. The ice thickness
field follows an advection equation, which is linked to the uncertain basal friction field 3
through the advective ice velocity. Our chosen high- and low-fidelity models differ in
their governing equations of the ice velocity, their treatment of ice temperature, and their
simulated time period; in particular, the high-fidelity model computes the velocity fields as
3D variables whereas each low-fidelity model only approximates their 2D depth-average.
The models are discretized with linear finite elements with 10,635 degrees of freedom for
2D, and 53,175 degrees of freedom for 3D variables. An overview of the physical and
numerical setup of the high-fidelity model and our L := 3 selected low-fidelity models
is given in Table 2; we refer to the Supplementary Material for details on their exact
modeling setups and on the model selection process with Algorithm 1.

Denoting with v (t;y) the ice volume above floatation at time ¢ € [0, 10] computed
by model ¢ € {0,1,2,3} for the friction field 5(x;y), Figure 4 (right) shows the change
v (t;y) — v (0;y) as a function of time ¢ € [0,10] for the log-friction field offset
InB(z;y) — InBo(x) at y*' = [tg + A1) = A; (top) and y'! = [t; + A;] (bottom).
Note that the initial value V. 0;y) = v (0;0) is the same for all models ¢ € {0,1,2,3}
and all friction fields 5. We see that all three low-fidelity models ¢ € {1,2,3} underesti-
mate the change in V, obtained by the high-fidelity simulation ¢ = 0, however, they do
capture the general effect that y'! causes stronger changes in V, than y%1.

We define f;(y) = Va(e)(lo; yY)— o (0; y) as the change in v (t; y) computed by each
model £ € {0, 1,2, 3} after ten years. We run MC with N = 27 and QMC with RN = 8N =
27 samples of the high-fidelity model f; and record the sample mean-square errors. We
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Figure 5: 95% confidence intervals computed with MC, MFMC, QMC, and MFQMC, and
their overlap (shaded gray).

run MFMC [53] and MFQMC Algorithm 2 using all four models ¢ € {0, ..., 3}, stopping
when a budget of B = 120 CPU-days would be exceeded. To save overall computational
cost, QMC and MFQMC have the same R = 8 random shifts, and these shifts are reused
as the first 8 samples for MC and MFMC.

Figure 5 shows the 95% confidence intervals [Q°(fy) — 1.964/mse(Q°(fo)), Q°(fo) +
1.964/mse(Q°(fo))] obtained for each method ¢ € {MC, QMC, MFMC, MFQMC} with
mse(Q°(fo)) being the sample variance computed via (2.3), (2.8), (2.19), and (3.11). The
overlap [—672.41,—672.17] in Gt of all four confidence intervals is shaded gray. We clearly
see the increased certainty of the multifidelity methods, reducing the width of the 95%
confidence intervals from +21.97 Gt and £7.48 Gt with MC and QMC to +1.24 Gt and
+0.56 Gt with MFMC and MFQMC while also using fewer computational resources (114.6
CPU-days and 116.3 CPU-days with MFMC and MFQMC compared to 185.9 CPU-days
with MC and 154.8 CPU-days with QMC).

Figure 6 shows Q°(fo) (left) and /mse(Q°(fo)) (right) obtained for each method ¢ €
{MC, QMC, MFMC, MFQMC}, plotted against the cumulative expended computational
budget. A least-squares fit reveals approximate decay rates of —0.51 for MC, —0.89 for
QMC, —0.60 for MFMC, and —0.93 for MFQMC. The observed rate of —0.60 for MFMC is
likely an artifact of the pilot sampling cost; we expect it to converge toward the theoretical
MC convergence rate —0.5 if more samples are taken. The step-function shape of the curve
for the sample root mean-square error with MFQMC is likely a consequence of the step-
wise doubling of sample sizes in Algorithm 2.

The sample sizes for MC and QMC increase by a factor of 2 for each data point
in Figure 6, starting with 4 samples for MC, and 8 shifts for QMC. The sample sizes
for MFMC and MFQMC are more involved, and are shown in Figure 7 plotted against
the expended computational budget. For MFMC we imposed fixed sampling ratios of
N1 /Ny = 38.0, No/Ny = 71.9, N3/Ny = 4118.4 from which we only deviated through
rounding and when enforcing Ny > 8 to ensure that all pilot samples were reused in
the MFMC estimator. As a consequence, the sample sizes for MFMC in Figure 7 are
continuous up to rounding to integers. For MFQMC the sample sizes are powers of two,
and doubled one at a time by Algorithm 2 based on the cost-benefit ratio for each level; the
sample sizes are hence step functions. Comparing the MFMC and the MFQMC sample
sizes, we see that MFMC prioritizes large sample sizes for the low-fidelity models, while
MFQMC increases the number of high-fidelity samples more readily. At their final data
points at similar computational cost, MFMC has taken 7.7 times more samples of the
lowest-fidelity model ¢ = 3 than MFQMC (compare 126,618 samples to 16,384) but less
than half as many high-fidelity samples (30 compared to 64).
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Figure 6: Estimated expected change V,(10) — V,(0) (left) and corresponding sample root
mean-square error (right) with MC, MFMC, QMC, and MFQMC over expended sampling
cost in CPU-days.

5 Concluding remarks

In this work we introduced the MFQMC method, combining the sampling structure of
the MFMC method from [50] with randomly shifted embedded lattice rules. The enabling
result of our work is Lemma 3.1, which states that the covariance between any two QMC
estimators (using the same lattice rule and shifts) depends only on the larger but not the
smaller number of QMC points in the two estimators. The computational cost required
for the MFQMC estimator to achieve a target root mean-square error ¢ scales almost as
O(e71) (see Theorem 3.3), provably improving the rate O(¢~2) of MFMC (Theorem 2.1)
and with a smaller implied constant than with QMC sampling if paired with appropriate
model selection (Algorithm 1). In a numerical example estimating the expected ten-year
loss of ice volume above floatation of the Pine Island Glacier under uncertainties in the
basal friction field, MFQMC achieved a 39.4-fold and 13.4-fold reduction in the width of
the 95% confidence interval compared to the MC and QMC methods at 62.5% of the MC
cost and 75.1% of the QMC cost.

In Theorem 3.3 we proved theoretically optimal sample size ratios for distributing
any computational budget among the available models for minimal mean-square error of
the MFQMC estimator. However, these optimal sampling ratios are incompatible with
choosing the number of QMC points as powers of two, which ensures that we always have
complete lattice point sets in Lemma 3.1. In future work we will investigate how to lift
this requirement to further improve the performance of the MFQMC method in practice.
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A Pine Island Glacier modeling setup

A.1 Quantity of interest and uncertainty

We denote with Qop C R? (in meters) the horizontal extent of Pine Island Glacier, and with
b: Qop — R (in meters above sea level) its bedrock topography. Given an ice thickness
field h : Qop — R>¢ (in meters), the altitude of the ice base is hy, := max{b, —-2<h}

Pwater

(in meters above sea level) with ice density pice = 917kg/m? and ocean water density
Pwater = 1023kg/m3. We define Qq(h) = {(z1,22) € Qap : hp(x1,22) = b(x1,22)} as the
area in which the ice is grounded on the bedrock; the remaining ice in Q¢(h) := Qap\Qq(h)
floats in the ocean. Our quantity of interest is the (grounded) ice volume above floatation

V(t) o= P / h(t)(z) + min{b(z), 0} 22 dg (in Gt), (A.1)
10 Jzeqy, (h(t)) Pice

which is the mass of the ice that, when melted, contributes to sea level rise.
Starting at initial condition h(0) = hg : Q2p — R>g, the ice thickness field h(¢) changes
for time ¢ > 0 following the advection equation

% VBT — my(B) £ me 0 Qap, (A.2)
where B(t) : Qop — R? (in m/yr) is a depth-averaged ice velocity field, ms : Qop — R
(in m/yr) is the surface ice accumulation, and my(h) := 50 Lo, () : Q2p — {0,50} with
indicator function 1q, () applies a (moderate) basal melt rate of 50 m/yr to floating ice.

A major driver of the ice velocity—and hence the depth-averaged ice velocity @ in
(A.2)—is the basal friction field, which we denote with 3 : Qop — Rsq (in s'/2m~1/2). In
practice B is only indirectly observable through measurements of the surface ice velocity
and consequently considered one of the largest uncertainties in ice sheet simulations. Fol-
lowing [2, 17], we model 8 with a log-normal distribution, In 3 ~ A (In 3y, C) with mean
In By : Qop — R and a double-Laplacian Matérn covariance operator C := (—c1A+col) 2.
Here, the mean In ) was inferred in an inverse problem from satellite measurements [12, 13]
of Pine Island Glacier’s 2007-2009 surface ice velocity; the scaling coefficients cj,co > 0
of the covariance operator were tuned so that the standard deviation of V,(10) — V,(0) for
our pilot samples has the same order of magnitude as the standard deviation reported for
Pine Island Glacier in [15, Figure 7b].

We use a randomized double-pass algorithm [17] in the L?(Q2p) inner product to com-
pute the leading eigenpairs {()\;, ¢j)};>1 C R>o x L%(Qap) of C, truncating at dimension
s = 2048. The eigenvalue decay and six exemplary eigenmodes are shown in Figure A.1;
asymptotically, the eigenvalue decay follows the rate O(j72). Tailored to this decay rate,
we construct an embedded lattice sequence {t;};>o following [4]. We can then sample from
the Karhunen—Loeve expansion of C via

In B(z; y) ~ In fo(x) + 7 (y;) VA 9j(w),
j=1

for all x € Qop, where @71 : (0,1) — R is the inverse cumulative distribution function
for the standard normal distribution and y € [0, 1]° is uniformly distributed. Figure A.2
shows the mean log-friction field In 8y and the offsets In 5(x; y) —In Sp(x) at the exemplary
QMC points y € {tg, ty,ts5, 13,9, 10, t11}~

Table A.1 lists the datasets used in our modeling setup.
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Figure A.2: Mean log-friction field In 5y (top left) and offsets In S(x;y) — InBo(x) at 7
representative points y.

Dataset | Use in our Pine Island Glacier example

[14] horizontal ice extent Q9p and resolution for discretization

[10] bedrock topography b

1, 7] surface altitude used to compute initial ice thickness hq

[12, 13] surface velocity used to infer the mean basal friction field Sy
[15] annual melt rates used to tune covariance operator C

[16] surface mass balance myg

3] Dirichlet boundary condition for ice temperature T’

[9] geothermal heat flux, basal Neumann boundary condition for T’
[11, p.97] | ice temperature to ice rigidity conversion B(T)

Table A.1: References and datasets used in the modeling setup of our Pine Island Glacier
example.
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Type ‘ CPUh Dofs ‘ Va(10) governing equations

HO-based 97219 170,160 | (A.1) (A.2), (A.4), (A.5)
SSA-based 0211 31,905 | (A.1) (A.2), (A.6)
fixed-velocity 0.030 10,635 | (A1) (A.2), (A6)att=0
extrapolation | basext/10 base | (A.7) same as base model

Table A.2: Modeling setup overview for low-fidelity models. Computational cost is for ten
years of simulations, degrees of freedom (dofs) are per time step. For any extrapolation-
type low-fidelity model, the computational cost and degrees of freedom depend on the
respective base model.

A.2 Model types

In the model selection in Section A.3 below, we choose between Ly, = 29 low-fidelity mod-
els. These low-fidelity models are combinations of three different model types—which we
call “HO-based”, “SSA-based”, and “fixed-velocity” below—and ten different simulation
endpoints ty € {1,...,10}, with any ¢; < 10 paired with an “extrapolation” technique.
The high-fidelity model is the HO-based simulation until the final time ¢ = 10. A summary
of our models is given in Table A.2.

HO-based models. We consider two physical models for obtaining the depth-averaged
ice velocity ©(t) in (A.2). First, in our high-fidelity model and HO-based low-fidelity mod-
els, we use the so-called higher-order (HO) equations in which the velocities vy, vy in 21-
and xs-direction are characterized as 3-dimensional fields on

QgD(h) = {(561,%2,.%3) € QQD X R : hb(xl,xg) < a3 < hb(:l,‘l,l‘z) + h(SUl,:UQ)}. (A3)

Specifically, for any given ice thickness field h, the velocities vi,ve : Q3p(h) — R are
characterized by the system of PDEs

. O(hy +h) . .
V- (2 EHO,) = Pice 9 (893) in Q3p(h), ie€{l1,2}, (A.4)
7
for all (x1,22,73) € Q3p(h), where g = 9.81 m/s? is the gravitational acceleration,
0 0 10 10
250 t o0 300 T 200
enot = | som +3oe | énoz = | G +252

10un 1 0va
2 Oxs 2 Ox3

are the strain rates, and p is the effective ice viscosity modeled by Glen’s flow law
po= %H(éHQJ,éHo,g)H*WS with temperature-dependent ice rigidity B(7T). The ice
temperature 7' is modeled by the heat equation,

OT _ ke Ap_ 4. yr4

ot PiceCice Pice Cice
with constant thermal conductivity kice = 2.4 W/(m K), heat capacity cice = 2093 J/ (kg
K), Cauchy stress tensor o, strain rate tensor €, and constant Dirichlet boundary conditions
at the ice-air interface and Neumann boundary conditions otherwise. The velocity vector
v := (v1,v2,v3) : Q3p(h) — R3 includes the vertical velocity field vz : Q3p(h) — R, which
is recovered from vy, vy through the incompressibility condition div(v) = 0. The basal
friction field § enters the HO PDE system (A.4) in the sliding boundary conditions

trace(o - €)

in QgD(h), (A5)

—ﬁ2 Pygv; if (1‘1,1’2) S Qg(h),

i€ {1,2),
0 if ($1,$2) € Qf(h), { }

2pEHO,; - = {
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Figure A.3: Initial condition and ice thickness change at parametric mean. Top: Initial
ice thickness hg in meters (left), friction field By in y/s/m on Q4(ho) (middle), and initial
surface ice velocity in meters per year (right). Bottom: Change h(t) — hg in ice thickness
at time ¢ = 2 (left), ¢ = 4 (middle), and ¢ = 10 (right).

for all points (z1,x2,z3) on the basal boundary of Q3p(h), with n denoting the outward
pointing unit normal and with Peg := pice 9 b + pwater ¢ min{b, 0} being the effective pres-
sure. At the remaining boundaries of Q3p(h) we apply water- and air-pressure at the
ice-water and ice-air interfaces, and zero-Neumann boundary conditions on the remaining
ice-ice interfaces. Given vi,vs : Q3p(h) — R, the depth-averaged ice velocity v = (U1, 72)
in the ice thickness equation (A.2) is obtained via

1 h(x1,z2)
Ui(x1,12) 1= ) / vi (w1, T2, hy (21, 22) + 2) dz, i€{1,2},
0

h(fI,'l,l'Q

for all (z1,z2) € Qop. Figure A.3 shows the initial ice thickness hg, and the mean friction
field By with corresponding surface ice velocity and induced changes in the ice thickness
computed by solving equations (A.2), (A.4), (A.5).

SSA-based low-fidelity models. As a low-fidelity physical approximation of the HO
system of equations (A.4), we use the Shallow-Shelf Approximation (SSA) which models
v = (v1,02) : Qop — R? directly on the 2-dimensional domain 2sp by neglecting vertical
shear stresses. Specifically, we solve the system of PDEs

O(hy + h)

oz, in Qop, 1€ {1, 2}, (AG)

V- (2ihéssaq) — Lo, n) B Pett Ui = pice g

with T, () : Q2p — {0, 1} being the indicator function for the grounded ice domain €2y(h)
and with the strain rates

dvy 4 Ova 19v 4 10vg
6' _ 28:E1 + 81‘2 E _ 2 89:2 + 2 89c1
SSAL= | 1om 1o |0 SSAZT A om  gowe )0
2 0o 2 01 o1 02
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and Neumann boundary conditions applying water- and air-pressure on the ice-ocean and
ice-air interfaces of d€Qsp. The mean ice viscosity field g : Qop — R is constant in
time, such that (A.2) and (A.6) can be solved together without needing to compute a
temperature field; in total, using the SSA to approximate the depth-averaged ice velocity
simplifies the HO-based high-fidelity model from three 3D-variables (temperature and
horizontal ice velocity) and one 2D-variable (ice thickness) to three 2D-variables. However,
because the SSA neglects vertical shear stresses, it can fail to approximate ice movement
in high-friction areas where there is a high discrepancy between basal and surface ice
movement. We refer to [6] for a detailed description of the HO equations and the SSA,
and a discussion of their differences.

We discretize the ice thickness equation (A.2), the HO equations (A.4), the heat equa-
tion (A.5), and the SSA (A.6) with linear finite elements. The mesh resolution varies
between 250 m and 10 km, similar to [14]. The (discrete) 2D variables (ice thickness and
depth-averaged ice velocity) have 10,635 degrees of freedom each; the 3D variables (ice
velocity of the HO equations, ice temperature) have 53,175 degrees of freedom. We use
the Ice Sheet and Sea Level System Model (ISSM, [8]) to solve the governing equations for
each sample In B(x; y) of the log-friction field and to compute the ice volume above floata-
tion V,(t) for t € [0,10]. We use adaptive time stepping adhering to a CFL condition. On
4 cores, our high-fidelity model (ice thickness equation (A.2), HO equations (A.4), heat
equation (A.5)) takes, on average, 27.219 CPUh on a dual-socket server equipped with two
64-core AMD EPYC 7H12 processors, totaling 128 physical cores (256 hardware threads)
with a base clock speed of 2.60 GHz, and 2.0 TiB of RAM. On the same machine but
on a single core, solving the ice thickness equation (A.2) with depth-averaged ice velocity
computed with the SSA (A.6) takes, on average, 0.211 CPUh.

Fixed-velocity low-fidelity models. For fixed-velocity low-fidelity models, we fol-
low the approach in [5] and compute the depth-averaged ice velocity v for a given basal
friction field only once at time ¢ = 0 with the SSA (A.6). In the solve of (A.2) for the ice
thickness h(t), t € [0,10], the depth-averaged ice velocity @ is then kept fixed, reducing the
SSA-based low-fidelity system (A.2), (A.6) from three 2D variables to one 2D variable per
time step and its average runtime from 0.211 to 0.03 CPUh. A comparison of the change
Va(t) — V4(0), t € [0,10], computed with the high-fidelity model (A.2), (A.4), (A.5), the
SSA-based system (A.2), (A.6), and the fixed-velocity approximation of (A.2) is shown in
Figure A.4. Because the ice velocity only changes slowly in time, fixed-velocity low-fidelity
models offer good approximations of SSA-based system (A.2), (A.6) for time ¢ close to
zero, but increasingly deviate as t increases.

Extrapolation-based low-fidelity models. For our final type of low-fidelity model
we follow the extrapolation approach from [2]: For a given basal friction field /3, we first
run a base model—which may be any of the introduced model types (HO-based, SSA-
based, or fixed-velocity)—until an early stopping point ¢5 € {1,...,9}. We then compute
the average annual change (V.P*¢(t;) — V,(0))/t; in ice volume above floatation, and
extrapolate it linearly for any ¢t > t; via
VX (t) = Va(0) + ;(Vabase(tf) — Va(0)), (A.7)

where VP2¢(¢), t € [0,%], is the ice volume above floatation computed with the chosen base
model. The extrapolation approach reduces the runtime of its base model approximately
to t/10 times that of the corresponding ten-year simulation.
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Figure A.4: Change V,(t) — V,(0) in ice volume above floatation (in Gt) for ¢ € [0, 10] with
Va(t) computed with the HO-based model (left), the SSA-based model (middle), and the
fixed-velocity model (right) for the 16 pilot samples.

¢ | CPUh Dofs | Model type tr Vu(t) Governing equations
0 | 27.219 170,160 | HO-based 10 (A1) (A.2), (A4), (A5)

1| 0211 31,905 | SSA based 10 (A1) (A2), (A6)

2| 0.087 31,905 | extrap (SSA-based) 4 (A7) (A.2), (A.6)

3| 0.006 10,635 | extrap (fixed-velocity) 2 (A.7) (A.2), (A6)att=0

Table A.3: Overview on average CPU-time over pilot samples, degrees of freedom (dofs)
per time step, and combination of governing equations of the high-fidelity model £ = 0
and the selected low-fidelity models ¢ € {1,2,3}.
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A.3 Model selection

With the three base model types (HO, SSA, and fixed-velocity), the nine possible extrap-
olation points ¢ty € {1,...,9} years and with the high-fidelity model being the HO-based
simulation of V,(¢) until ¢ = 10 years, we have L = 29 low-fidelity models in total. We
draw R = 8 random shifts, and compute the ten-year change V,(10) — V;(0) in ice volume
above floatation with each model for each shift and the first N, = 2 = 2! QMC points,
for a total of 16 pilot samples per model. Our pilot sampling cost is 439.365 CPUh. For
the extrapolation-type low-fidelity models we reuse outputs of V.P*¢(t) of the ten-year
simulation of the respective base model; consequently we do not count the extrapolation-
type low-fidelity models towards our pilot sampling cost. For the model selection, we set
the cost of the extrapolation-type models to be their base model cost times the ratio of
number of time steps needed to reach ¢ > t; compared to ¢ = 10 years.

We run the model selection Algorithm 1 with the additional restriction to choose at
most six low-fidelity models. With this restriction, the model selection loop (step 5) in
Algorithm 1 remains reasonable (88 seconds) despite the large number L = 29 of low-
fidelity model candidates. Algorithm 1 chooses three low-fidelity models: First, for £ =1,
the SSA-based, ten-year simulation of V,(¢) through the system (A.2), (A.6); second, for
¢ = 2, the extrapolation (A.7) beyond ty = 4 years using (A.2), (A.6) as base model; and
third, for £ = 3, the extrapolation (A.7) beyond ty = 2 years with the fixed-velocity base
model. An overview of our final model ensemble is provided in Table A.3.
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