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Abstract

Quantifying the uncertainty in predictive models is critical for establishing trust and enabling risk-
informed decision making for personalized medicine. In contrast to one-size-fits-all approaches that
seek to mitigate risk at the population level, digital twins enable personalized modeling thereby
potentially improving individual patient outcomes. Realizing digital twins in biomedicine requires
scalable and efficient methods to integrate patient data with mechanistic models of disease progres-
sion. This study develops an end-to-end data-to-decisions methodology that combines longitudinal
non-invasive imaging data with mechanistic models to estimate and predict spatiotemporal tumor
progression accounting for patient-specific anatomy. Through the solution of a statistical inverse
problem, imaging data inform the spatially varying parameters of a reaction-diffusion model of tu-
mor progression. An efficient parallel implementation of the forward model coupled with a scalable
approximation of the Bayesian posterior distribution enables rigorous, but tractable, quantification
of uncertainty due to the sparse, noisy measurements. The methodology is verified on a virtual
patient with synthetic data to control for model inadequacy, noise level, and the frequency of data
collection. The application to decision-making is illustrated by evaluating the importance of imag-
ing frequency and formulating an optimal experimental design question. The clinical relevance
is demonstrated through a model validation study on a cohort of patients with publicly available
longitudinal imaging data.

Keywords: Digital Twins, Computational Oncology, Uncertainty Quantification, Bayesian Inverse
Problems, PDE-Constrained Optimization

1. Introduction

Predictive digital twins are poised to make an impact in the burgeoning field of precision medicine
by coupling mathematical models with patient-specific data. While it is not feasible to perform
multiple in vivo trials on an individual patient, mathematical and computational modeling augment
the traditional clinical trial approach by enabling in silico trialing and assessment of potential
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interventions in a personalized manner [1]. The heterogeneity in cancer physiology [2] and patient
response to a particular therapy [3, 4] means that there are many interventions that may work
on average for a population, but are ine�ective for an individual [5]. Moreover, assessment of
patient-speci�c response in the clinical setting is dependent on monitoring radiological and clinical
changes over long timelines after the conclusion of therapy [6, 7]. An e�ectively realized digital twin
will account for inter-patient variability in disease presentation and progression, while accelerating
the feedback loop from data acquisition to clinical action [8, 9, 10, 11]. Figure 1 illustrates the
bidirectional �ow of information between a cancer patient and their digital twin. Observational
data are collected and combined with mechanistic models of the spatio-temporal tumor growth to
update forecasts of prognosis, which are in turn used to guide clinical decisions between visits. In
this work, we develop a scalable mathematical formulation and e�cient computational framework of
this digital twin data-to-decisions feedback loop, demonstrated by application to high-grade gliomas.

Figure 1: Illustration of our digital twin work�ow for a cancer patient. Observational data are integrated with
mechanistic models of tumor growth to update the computational representation of the dynamics with quanti�ed
uncertainty. The calibrated model is used to make probabilistic forecasts of tumor progression accounting for patient
response to therapy. In turn, these forecasts guide clinical decision making. The model may be used to assess what-if
scenarios for alternative interventions or to optimize therapy directly by (for example) adjusting dose level or schedule.

High-grade gliomas comprise the majority of malignant brain tumor cases and are character-
ized by their aggressive, invasive, and heterogeneous nature [12]. Despite aggressive standard-
of-care treatment [13] consisting of multi-modal treatments (surgical resection, radiotherapy, and
chemotherapy), overall prognosis remains poor and survival rates remain low [14]. For a digital twin
to be e�ective in this setting, the underlying models incorporating biological mechanisms must be
able to reliably predict the complex spatio-temporal tumor dynamics. In particular, the variability
of intra-tumoral properties presents a signi�cant modeling challenge, requiring a spatial, and often
high-dimensional, characterization of the model parameters driving growth to account for the vari-
ety of observed dynamics. One successful line of work employs image-based modeling to resolve the
spatio-temporal tumor dynamics and leverages non-invasive medical imaging to calibrate models
of tumor growth [15, 16, 17, 18, 19, 20, 21]. These data can be collected where patients receive
care, both within and outside of academic research oriented facilities [22], indicating the potential
for broad impact. However, measurement noise, scarcity of observational data, and inadequacy of
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models to capture the biological complexity of tumor growth all contribute to signi�cant modeling
uncertainty [23].

Uncertainty quanti�cation plays a critical role in the development of a digital twin, helping
establish trust in models and enabling risk estimation for robust decision making [24]. The high-
consequence nature of decisions in personalized medicine underscores the need for mathematical
tools to rigorously account for uncertainty. There is a growing literature on the Bayesian calibration
of image-based mechanistic models of tumor growth [25, 26, 27, 28, 29]. However, the computational
complexity of characterizing the posterior with expensive, nonlinear forward models remains a key
challenge [30]. Low-dimensional representations of model parameters enable tractable exploration of
the posterior and have shown promise in assessing alternative treatment plans in human patients [27].
An alternative approach approximates the posterior directly, maintaining spatial resolution in the
model parameters and demonstrating impressive predictive power in a murine model of brain cancer
[29]. It remains to be shown that model parameterizations retaining su�cient spatial resolution to
represent intra-tumoral heterogeneity can be scaled to the complex anatomies and long time horizons
in human brain cancers. We address these modeling and computational challenges, with a particular
focus on the advancement of scalable algorithms and e�cient model implementations to enable the
solution of high-dimensional Bayesian inverse problems in computational oncology.

Our central contribution is the development of a mathematical formulation for an end-to-end
Bayesian data-to-decisions pipeline to serve as the basis for the development of digital twins in oncol-
ogy. Clinical magnetic resonance imaging (MRI) data are used to generate patient-speci�c compu-
tational geometries and extract information about the tumor biology. A computational framework
is established for tractable Bayesian calibration of high-�delity three-dimensional spatio-temporal
models of tumor growth to the clinical data. E�cient, parallel, and �exible �nite element rep-
resentations of the governing equations are paired with state-of-the-art optimization algorithms.
We numerically verify the ability to calibrate high-dimensional model parameters to MRI data by
reconstructing known spatial heterogeneity in a virtual patient. Furthermore, we investigate the im-
pact of alternative imaging schedules on predictive performance and pose the optimal experimental
design question of when to observe. We demonstrate clinical relevance through a validation study
on clinical data, identifying key aspects of model inadequacy.

The remainder of this paper is structured as follows. Section 2 introduces the mathematical
model of tumor growth and discusses the image processing pipeline. The scalable Bayesian method-
ology is presented in Section 3. Section 4 veri�es the inverse problem methodology through an in
silico case study, illustrates the connection to clinical decision making, and formulates an optimal
experimental design question. Section 5 establishes the real world utility of the framework applied to
a cohort of patients with publicly available clinical data. The model's predictive ability is quanti�ed
along with potential limitations and extensions. Conclusions are drawn in Section 6.

2. Image-based mechanistic modeling of tumors

This section provides necessary background on the mathematical modeling of tumor growth as
well as the medical imaging data used for calibration. The governing partial di�erential equation
(PDE) model is derived in Section 2.1 detailing tumor invasion, proliferation, and response to
chemoradiation. Section 2.2 describes a computational pipeline incorporating longitudinal image
registration, tumor state estimation, and generation of a patient-speci�c computational geometry
in the context of modeling glioma growth in the human brain.
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2.1. Mechanistic modeling of high-grade gliomas

Mathematical models of tumor growth primarily focus on two key characteristics: invasion of the
tumor into the surrounding healthy tissue [31] and the proliferation of the existing tumor [32]. Tumor
invasion is typically modeled as a di�usion process and proliferation is modeled as a logistic growth
process subject to a biological or physical carrying capacity. These phenomenological assumptions
give rise to a semi-linear parabolic reaction-di�usion PDE [33, 34], which has proven successful
in modeling the growth of solid tumors in a variety of organs [35, 36, 37, 38]. Furthermore, it is
common to assume a known carrying capacity of the tissue and model the tumor cellularity as a
volume fraction. Henceforth, tumor cellularity and tumor volume fraction are used interchangeably
unless explicitly noted. The model is given by:

@u
@t

� r � (Dru) � �u(1 � u) = f in 
 � (t 0; t f )

u(x; t 0) = u 0 in 


ru � � = 0 on @
 � (t 0; t f )

(1)

Here, u(x; t) is tumor volume fraction which varies in time t and over spatial coordinates x, D(x) is
the di�usion coe�cient �eld, �(x) is the proliferation rate coe�cient �eld, (t 0; t f ) is the simulation
window, 
 � R n is the bounded spatial domain with dimension n 2 f2; 3g, and � is the outward
unit normal to the boundary @
. The homogeneous Neumann boundary condition stems from
the assumption that the tumor does not grow beyond the boundary of the domain, for example,
the skull. The initial cellularity u 0(x) is determined from MRI data following the procedure in
Section 2.2. The source term f is used to model the e�ect of treatment.

The standard-of-care therapy for high grade gliomas incorporates both highly conformal ra-
diotherapy and systemic chemotherapy [13]. Let Trt = f� k;rt gk denote the collection of times at
which radiotherapy is applied. Similarly, let Tct = f� k;ct gk be the collection of times at which
chemotherapy is administered. Together these de�ne the treatment regimen. We make the common
modeling assumption that the radiotherapy e�ect is instantaneous, killing some cells at the moment
of treatment and with no lasting or time-delayed e�ects. This assumption results in a model of the
form

f rt (u; zrt ; t) =

(
0 for t =2 Trt ,

�
 (1 � S rt (zrt )) u for t 2 T rt ,
(2)

where zrt is the applied radiation dose, 
 is a positive parameter to ensure appropriate dimensionality
[39], and Srt is the surviving fraction of the tumor after application of the therapy. We compute the
surviving fraction with the well-established linear-quadratic (LQ) model relating applied dosage to
radiotherapy induced cell death [40, 41]. The LQ model calculates the surviving fraction as

Srt (zrt ) = exp(�� rt zrt � � rt z2
rt ); (3)

where � rt > 0 and � rt > 0 are parameters describing the radiosensitivity of the tissue [42, 43]. To
capture the e�ect of chemotherapy, we assume a known drug e�cacy �ct > 0 and clearance rate
� ct > 0 and employ a decaying exponential model of the form [44],

f ct (u; zct ; t) =

(
0 for t < � 0;ct ,

�� ct (zct )
P

k exp(�� ct (t � � k;ct )) u for t � � 0;ct .
(4)

The drug e�cacy � ct may be modulated by the spatial distribution of the drug concentration zct

when data are available as in [44], though we choose to model the term as a constant surviving
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fraction acting homogeneously in the domain as in [20]. Finally, we combine the two e�ects as the
source term in Eq. 1,

f (u; z rt ; zct ; t) = f rt (u; zrt ; t) + f ct (u; zct ; t): (5)

We employ the �nite element method (FEM) [45, 46] for our spatial discretization. Among
other advantages, FEM admits �exibility in the spatial discretization and is able to conform to the
complex geometries arising in biomedical applications. The variational formulation for the model
Eq. (1) is derived in Appendix A and the implicit Euler method is used for the time discretization.
We discuss a computational pipeline for meshing human brain anatomy in the following section.

2.2. Computational pipeline: From medical imaging to computational models

Biomedical imaging, especially MRI [47, 48], plays a critical role in the diagnosis, treatment
planning, and management of a variety of tumors, such as those in the brain [49], the breast [50],
and the prostate [51]. In our digital twin framework, we consider this to be the primary source of
observational data coming from the clinic. To integrate imaging data with the biophysical models
described in Section 2.1, we must estimate the tumor volume fraction, i.e. the state variable of the
PDE, and de�ne an appropriate computational domain. Figure 2 provides an overview of such a
computational pipeline for the human brain.

Figure 2: The computational pipeline: anatomic segmentation and mesh generation, cellularity estimation, and
longitudinal registration. Together T 1- and T2-weighted scans are used to generate a computational domain tailored
to the patient's anatomy. Tumor cellular density is estimated by combining ADC imaging with tumor segmentations.
When radiologist de�ned segmentations are not available, automated tools utilizing T 1 pre- and post-contrast imaging
along with T 2-weighted and FLAIR modalities are used to develop appropriate regions of interest.

Expert segmentation of tumor regions of interest (ROIs) are used to determine tumor extent,
when available. However, semi-automated approaches leveraging routinely collected MRI data are
improving [52] and may be used when expert segmentation is unavailable. The apparent di�usion
coe�cient (ADC) quanti�es the rate of di�usion of water molecules, which is inversely proportional
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to cellular density. The ADC can be used to estimate the tumor cellularity [21, 53] via

d(�x; t) =
ADCw � ADC(�x; t)
ADCw � ADC min

; (6)

where ADCw is the apparent di�usion coe�cient of free water [20], ADC(�x; t) is the measured
apparent di�usion coe�cient at time t in the voxel with spatial coordinate �x, and ADC min is the
minimum value recorded within the tumor. This approach generates observations of the tumor
cellularity, d(�x; t), every time the patient is imaged. We note that while it is not possible to
directly measure cellular di�usion in vivo, serial di�usion imaging has also been used in attempts to
directly inform di�usion and proliferation rates [54, 55]. To ensure a consistent frame of reference,
longitudinally collected data is rigidly registered to a baseline MRI using a tool such as elastix
[56, 57]. Similarly, multiple modalities within a visit may be registered using a mutual information
criterion to account for varying image resolution and contrast [56, 58]. For an overview of medical
image registration, readers are referred to [59].

To showcase the approach in application to brain cancer, we consider two publicly available
datasets: UPENN-GBM [60, 61] and IvyGAP [62, 63]. Both datasets contain pre- and post-contrast
T1-weighted, T2-weighted, and FLAIR images. The UPENN-GBM dataset also provides expert seg-
mentation of the tumor ROI, while a semi-automated approach [64] is used to generate tumor ROIs
for the IvyGAP dataset. Additionally, the IvyGAP dataset contains di�usion-weighted imaging
(DWI) and ADC data as well as longitudinal imaging data, enabling retrospective studies with clin-
ical data. Brief descriptions of collected modalities and their connection to biophysical modeling
are summarized in Table 1, adapted from [65].

Table 1: Summary of acquired MRI and their utility.

Imaging technique Major utility in brain tumor imaging
Pre- and post-contrast T1 Anatomy, necrosis, enhancing tumor
T2 / FLAIR Anatomy, edema, non-enhancing tumor
DWI / ADC Cellularity estimation

To construct a reference computational geometry for the biological domain upon which to sim-
ulate the growth of the tumor, we build upon the work of [66]. We use T1- and T2-weighted images
for segmentation of the gray matter, white matter and cerebral aqueduct using the FreeSurfer
neuroimaging software [67]. To ensure reliable segmentation when large lesions are present, the T1

and T2 images are �rst repaired with virtual brain grafting [68]. Tetrahedral meshing of the resul-
tant surfaces is performed with CGAL [69]. Similar approaches have provided a basis for high-�delity
simulation of a variety of physical phenomena in the brain from the circulation of cebrospinal �uid
[70, 71, 72] to neurodegenerative disease progression [73, 74].

3. Scalable Bayesian model calibration

A fundamental capability of a digital twin is the ability to integrate and assimilate observational
data with mathematical and computational models. This section details a scalable methodology to
estimate model parameters in the presence of uncertainty. We formulate this process as a Bayesian
inverse problem, seek an approximation to the posterior distribution, and detail how to propagate
uncertainty through the forward model to generate probabilistic forecasts of tumor growth and
clinically relevant quantities of interest.
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3.1. Formulation

We pose the calibration of the mechanistic model Eq. (1) to the imaging data as an inverse
problem: from observational data d = [d(�x; t 1); d(�x; t 2); : : : ; d(�x; t n t )] 2 R nd �n t , we infer the values
of the unknown parameter(s) m 2 M for some suitable function space M. Here, nd is the di-
mensionality of a single data point, i.e., the number of voxels in an MRI image, and nt is the
number of visits at which tumor volume fraction estimates are acquired. We choose the pa-
rameterization m = [m D ; m� ] = [log(D); log(�)] to preserve positivity of the model coe�cients
D = exp(m D ); � = exp(m � ). The objective is to estimate the posterior distribution of the model
parameters, given by Bayes' theorem [75] as:

d� post

d� pr
/ � like (djm); (7)

where d�post=d� pr denotes the Radon-Nikodym derivative [76] of the posterior measure �post with
respect to the prior measure �pr . The likelihood � like is speci�ed by the choice of noise model.

3.2. Likelihood

To account for measurement uncertainty in the pipeline outlined in Section 2.2, we assume an
additive Gaussian noise model,

d(�x; t i ) = B(u(x; t i )) + " i ; (8)

where B : U ! R nd is an observation operator that extracts the observable from the state u 2 U,
for some suitable Hilbert space U. For example, an observable may be the voxel-resolved tumor
cellularity. Additionally, the observation operator appropriately interpolates between the spatial
coordinates of the FEM representation x and the spatial coordinates of the voxel data �x. The
additive Gaussian noise is assumed to have zero mean and covariance �noise 2 Rnd �n d , such that
" i � N (0; � noise). Further, we assume uniformity of the noise, �noise = � 2

noiseI, for some unknown
noise variance �2noise. Note that we consider statistical uncertainty to be the main source of error
and do not account explicitly for discretization error, which is well controlled relative to the noise
in the data. We de�ne the parameter-to-observable (PtO) map:

F : M ! R nd �n t = [B(u(x; t 1)); B(u(x; t 2)); : : : ; B(u(x; t n t ))] ; s.t. r(u; m) = 0; (9)

where r(u; m) = 0 is the residual form of the governing PDE Eq. (1), explicitly noting the depen-
dence on the state and parameter. Evaluating the PtO map F involves the solution of the forward
model Eq. (1) for the state u 2 U and the application of the observation operator B to extract the
observable at each time that data is acquired. The probability density function of the likelihood
may be expressed as

� like (djm) / exp f��(m; d)g ; (10)

where �(m; d) is the negative log-likelihood. For the additive Gaussian case with multiple measure-
ments, we sum the negative log-likelihoods for each observation,

�(m; d) :=
n tX

i=1

1
2

kF i (m) � d i k2
� �1

noise
; (11)

where Fi denotes the i-th component of the PtO map, that is, Fi := B(u(x; t i )).
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3.3. Prior distribution

The prior distribution encodes structural knowledge of the parameters and is taken to be a
Gaussian random �eld, with mean mpr and covariance operator Cpr , such that m � N (m pr ; Cpr ).
This modeling choice has desirable properties for analysis and computation, and has been used to
model various physical systems including tumor growth in murine models [29]. In particular, this
selection ensures a well-posed posterior [75] and implies a prior measure of the form

d� pr (m) / exp
�

�
1
2

km � m pr k2
C�1

pr

�
: (12)

Values for the mean mpr may be taken from the literature or determined by deterministic calibration
to a cohort.

The seminal work [77] established a link between Matérn covariance operators and precision
operators de�ned by PDEs. Following [75, 78] the covariance operator is taken to be the inverse of
an elliptic operator of the form

Cpr := A �2 = (�
� + �I) �2 (13)

with hyperparameters 
 > 0 and � > 0 that control the correlation length � and the pointwise
variance � 2 of the operator [77]. Speci�cally, the hyperparameters are related by

� =

p
2

��
p

�
; 
 =

�

4�
p

2�
: (14)

A Robin boundary condition is applied to the operator Cpr to reduce boundary artifacts [79].
We assume the log coe�cient �eld parameters m to be independent and model each as a Gaussian

random �eld as described above. That is, mD � N (m pr;D ; Cpr;D ) and m� � N (m pr;� ; Cpr;� ). Thus,
mpr := [m pr;D ; mpr;� ] and Cpr has a block diagonal structure with blocks Cpr;D and Cpr;� , respectively.

3.4. Low-rank Laplace approximation to the posterior distribution

We reiterate that we model the parameters as spatial �elds which are high-dimensional upon
discretization. For example, when using �rst-order Lagrange elements, each discretized parameter
has size equal to the number of vertices in the mesh. The computational cost to thoroughly explore
the posterior distribution with standard methods, such as Markov chain Monte Carlo (MCMC), is
prohibitive in this setting. We instead leverage the Laplace approximation to the posterior [80, 81]
for a tractable solution,

� LA
post / N (m MAP ; Cpost): (15)

The Laplace approximation is a Gaussian approximation to the posterior centered at the max-
imum a posteriori (MAP) point m MAP with covariance Cpost equal to the inverse of the negative
log-posterior Hessian evaluated at mMAP . This approximation is exact in the case of linear inverse
problems and will serve as a cost-e�ective surrogate for the nonlinear problem considered in this
work. Building the Laplace approximation requires one to compute the MAP point and calculate
the covariance.

We compute the MAP estimate by minimizing the negative log-posterior

mMAP := arg min
m2M

(� log � post(mjd)) : (16)
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Recalling the expression for the likelihood Eq. (10) and the prior Eq. (12), we may write the posterior
as

� post(mjd) /

8
>>>><

>>>>:

�
X

i

1
2

kF i (m) � d i k2
� �1

noise

| {z }
data mis�t

�
1
2

km � m pr k2
C�1

pr

| {z }
prior

9
>>>>=

>>>>;

: (17)

Thus, computing the MAP point amounts to solving a deterministic inverse problem with the
log-likelihood Eq. (11) playing the role of the data mis�t term and the prior Eq. (12) acting as
regularization.

Inexact Newton-Krylov algorithms have been shown to e�ciently solve the optimization problem
Eq. (16) [82]. Early termination of conjugate gradient (CG) iterations is used to inexactly solve the
Newton system using the Eisenstat-Walker criterion to prevent over-solving [83] and the Steihaug
criterion to avoid negative curvature [84]. Globalization is performed with an Armijo backtracking
line search to guarantee global convergence [85]. For a wide class of nonlinear inverse problems, the
number of outer Newton iterations and inner CG iterations is independent of the mesh size and
hence parameter dimension [86]. This is a consequence of the Newton solver, the compactness of the
Hessian of the data mis�t term in Eq. (17), and preconditioning by the inverse of the regularization
operator. The gradient and Hessian action are obtained using the adjoint method, thereby limiting
the number of expensive PDE solves that are required. These expressions are derived in Appendix A
with the Lagrangian formalism [87, 88].

The covariance of the Laplace approximation to the posterior is given by the inverse of the
Hessian of the negative log-posterior,

Cpost := H(m MAP ) �1 =
�
H mis�t (mMAP ) + C �1

pr

� �1
; (18)

where Hmis�t denotes the Hessian of the negative log-likelihood. Upon discretization, we have

� post =
�
H mis�t (mMAP ) + � �1

pr

� �1
(19)

where � post is the discretization of Cpost , � pr is the discretization of Cpr , and Hmis�t (mMAP ) is the
discretized Hessian of the negative log-likelihood at the MAP estimate. The construction of Hmis�t

for large-scale applications is prohibitive, let alone the inversion required to form �post . Instead, we
leverage the fact that in many cases, the spectral decay of Hmis�t is rapid as the data contain limited
information about the (in�nite-dimensional) parameters. Thus we adopt a low-rank correction to
the prior covariance to approximate the posterior as in [81]. Randomized algorithms [89] are used
to estimate the leading eigenpairs f(� j ; vj )gk

j of the generalized eigenvalue problem

H mis�t vj = � j � �1
pr vj : (20)

The eigenvectors associated with the dominant eigenvalues represent the directions in parameter
space most informed by the data. The covariance matrix in Eq. (19) is approximated using the
Sherman-Morrison-Woodbury identity as in [81],

� post � � pr �
kX

j=1

� j

1 + � j
vj vT

j : (21)

Since the data inform the model in an �nite dimensional subspace, k is much smaller and independent
of the discretized parameter dimension [30]. Thus, the low-rank construction of the Laplace approx-
imation to the posterior distribution is an algorithmically scalable approach for high-dimensional
Bayesian inverse problems. We employ hIPPYlib [78, 90, 91] for implementation of the Newton-CG
solver as well as the Matérn prior.
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3.5. Propagation of uncertainty

Ultimately, we wish to use the model (1) to predict the future evolution of the tumor and
compute meaningful quantities of interest (QoIs). Furthermore, we are interested in the propagating
uncertainty in the parameters through the forward model to generate predictive distributions of the
QoIs. To this end, we de�ne the prediction map, Fpred , where the tumor state is computed at some
�nal time t pred ,

Fpred : M ! U := u(x; t pred) ; s.t. r(u; m; u 0; (t 0; tpred)) = 0: (22)

Once more r denotes the PDE model in residual form, this time explicitly noting the dependence on
parameter m, simulation window (t0; tpred) and initial condition u 0. For example, in the prediction
setting one may wish to estimate the initial condition u0 from the last acquired MRI observation and
predict over a new simulation window representing, say, one month into the future. Further, consider
a generic quantity of interest q : U ! Q for some suitable space Q. We are interested in computing
the pushforward of a measure through the composition of the QoI map with the prediction map,
(q � F pred)] �. Here � ] denotes the pushforward of a measurable function [92]. Mechanically, we
sample m � � and compute q(F pred(m)). This is called the prior predictive distribution when
� = � pr and the posterior predictive distribution when � = � post .

We consider four QoIs: total tumor cellularity, tumor volume, the concordance correlation co-
e�cient (CCC), and the Dice similarity coe�cient. We �rst de�ne a threshold for the measurable
tumor region, û(x; t) := u(x; t) > �u. The threshold �u is the volume fraction at which the lesion
is measurable and is taken to be 0:1 for this study. The total tumor cellularity is computed as
the integration of the measurable tumor volume fraction over the domain, qTTC :=

R

 û dx, and

may optionally be scaled by the carrying capacity to recover the number of tumor cells. The tumor
volume is computed by integrating an indicator function for regions with measurable tumor over the
domain, qTV :=

R

 1û dx. The CCC [93] measures correlation between two datasets, with a penalty

for deviating from the line of unity. This is used to quantify voxel-wise agreement, for example, be-
tween the observed data and the model prediction. The Dice similarity coe�cient [94, 95] measures
the degree of spatial overlap and is used to compare predicted measurable tumor with the observed
tumor. The Dice coe�cient is de�ned as 2jX \ Y j=(jXj + jY j) for two sets X; Y with j � j denoting
the cardinality, in this case the sets are the indicator functions for the predicted measurable tumor
û and the true, observed tumor uy.

4. Data-to-decisions: Demonstration on a virtual patient

As an initial demonstration of the digital twin bidirectional feedback loop illustrated in Figure 1,
we deploy the methodology on a virtual patient. This setting allows for control of the experimental
setup, including the underlying tumor growth mechanism, noise level, and frequency of observation.
We �rst detail the data generation process and verify the inverse problem methodology in the
controlled setting. Further, we assess the potential bene�t of alternative imaging regimens on
forecasts of tumor growth. To support the envisioned clinical deployment of the approach, we also
establish the computational tractability.

4.1. Synthetic data generation

We utilize the publicly available UPENN-GBM dataset [60, 61]. In particular, we generate a
computational geometry of subject 101 following the procedure outlined in Section 2.2. Observa-
tional data is synthesized by solving Eq. (1) forward from the initial condition for two weeks of
untreated growth followed by the Stupp protocol [13] (six weeks of concurrent radiotherapy and
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chemotherapy), followed by another month of untreated growth, that is, without adjuvant temo-
zolomide. Three di�erent scenarios are considered in which observational data are collected daily,
weekly, or fortnightly. The prediction window is one month after the last observation at the con-
clusion of therapy. Snapshots of the tumor progression are shown in Figure 3.

Figure 3: Snapshots of synthetic tumor progression for UPENN-GBM subject 101. Note the heterogeneous initial
state and the retreat while under therapy (weeks 2-8). When therapy ends, tumor recurrence is swift and the tumor
extent is larger at the prediction time (week 16) than during the imaging window (up to week 12).

The coarsest computational mesh is comprised of 108,569 vertices and is uniformly re�ned result-
ing in a �ner mesh of 827,490 vertices which is then used for data generation. First order Lagrange
elements are used for the state, resulting in an equal number of degrees of freedom (DOFs). Since
the UPENN-GBM dataset lacks ADC estimates, we follow [96] and take the tumor volume fraction
is taken to be 0:8 and 0:16 in the enhancing and non-enhancing regions of the tumor, respectively.
The non-enhancing region is characterized by invasive and di�use disease and the lower cellularity is
chosen to account for the well-documented di�culties in separating proliferative tumor from other
processes, such as vasogenic edema [62]. The underlying ground truth parameters are a di�usion
coe�cient of 0:03 mm 3/day in gray matter and 0:3 mm3/day in white matter to account for pref-
erential growth along �ber bundles in white matter [97], with a proliferation rate of 0:15 day�1 in
the whole domain. These values are selected to be in biologically realistic ranges based on previous
model calibration studies [20]. The radiosensitivity parameter ratio is set to �=� = 10 Gy following
values reported in the literature [42]. Additionally, we �x � rt = 0:025 Gy�1 and � ct = 0:1 day�1 .
We assume �ct = 24 ln(2)=1:8 days for the clearance rate of the temozolomide chemotherapy agent
[98]. The model Eq. (1) is discretized and solved as detailed in Section 2.1. To generate observa-
tions, the �nite-element representation of the state is interpolated onto the native T1 voxel image
space and the resultant voxel measurements are polluted with 2% Gaussian noise. A mesh conver-
gence study with two successive re�nements of the coarsest mesh was performed to estimate the
discretization error, which was found to be within noise level applied to the data, such that the
statistical uncertainty dominates.
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4.2. Model veri�cation

To avoid an inverse crime [99], the inverse problem is solved using the coarser mesh. First order
Lagrange elements are used for the state, parameter, and adjoint variables. Additionally, unlike
the true parameter which depends on the underlying gray / white matter tissue, the modeled log
di�usivity �eld does not explicitly incorporate this information. The inversion parameters m D ; m�

are modeled as Gaussian random �elds as outlined in Section 3.3. The hyper-parameters de�ning
the prior are reported in Table 2.

Table 2: Hyper-parameters for the Bayesian calibration of UPENN-GBM Subject 101.

Prior mean and variance of parameters
mD m�

log(mm3=day) log(1=day)
Mean Variance Mean Variance
-1.30 0.05 -1.00 0.02

Spatial correlation lengths
� D (mm) � � (mm)

180 180

The MAP reconstructions of the di�usion and proliferation coe�cient �elds for the daily imag-
ing case are presented in Figure 4. In the reconstructed di�usion �eld, we observe that spatial
heterogeneity arising from the underlying tissue type is captured. In the reconstructed proliferation
rate, we do not see this e�ect, which is consistent with the true underlying parameter that is also
homogeneous in the domain. Note in both cases that the MAP reconstruction is only well-informed
where the tumor is active and the prior regularization dominates elsewhere. Furthermore, visual-
izing the spatial structure of the variance reduction stemming from the data-informed correction
to the prior, that is, the diagonal of the low-rank term in (21), sheds light into the role of the
observation operator and data collection strategy. In particular, the posterior features corrections
where there is tumor is present.

While the underlying structure in the true parameters is reconstructed, inference of the exact
values appears challenging. The di�usion and reaction terms drive tumor dynamics in a comple-
mentary fashion, exacerbating the ill-posedness of the inverse problem. The mutual information
between the inferred parameters was computed under the Laplace approximation and corresponds
to an estimated correlation coe�cient [100, 101] of � � 0:51, indicating some level of correlation
between the parameters. Theoretical analysis of the reaction-di�usion model has long focused on
traveling wave solutions [102, 103, 104] and such techniques have been applied to suggest alter-
native parameterizations used to feasibly identify di�usivity in di�erent tissues [105]. Data-driven
methods o�er a complementary approach for reparameterization and have been applied to similar
models [106, 107] to alleviate structural identi�ability [108]. Additionally, identi�ability studies
have been carried out for similar forms of the widely adopted reaction-di�usion model [16, 19, 109]
indicating practical identi�ability under the noise level in clinical data [110, 111]. Indeed, the
reconstructed parameters lead to excellent reconstruction of the QoIs, as we will show in the next
section.

4.3. Assessing the value of additional imaging

MRI data are highly informative, but expensive to collect and the resulting lack of information
to assess response to therapy and progression may contribute to sub-optimal outcomes. One cannot
accurately calibrate a model without data, nor can a clinician assess a patient's condition. Thus,
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Figure 4: A: axial slices showing white and gray matter segmentation with tumor state at the �nal observation (week
12). B: MAP reconstruction of the log-di�usion �eld. C: absolute error in the reconstructed log-di�usion �eld. D:
pointwise reduction in variance of the log-di�usion posterior distribution. E: MAP reconstruction of the log-reaction
�eld. F: absolute error in the reconstructed log-reaction �eld. G: pointwise reduction in variance of the log-reaction
posterior distribution. Each log parameter has discretized dimension 108,569. Note the inferred heterogeneity in the
reconstructed log-di�usion �eld and spatial structure of the error and variance reduction indicating the parameters
are well informed where the tumor is active.
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