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Additively-manufactured wings can be aeroelastically tailored, which offers potential for
increased air vehicle efficiency via lighter structures. This paper develops a methodology to de-
sign aeroelastically-tailored wings using additively-manufactured lattice structures. Adaptive
meshing techniques are used to design the topology of the lattice to align with the load direction
and the lattice is optimized to minimize the structural weight and to improve the flutter margin.
To alleviate the computational effort of aeroelastically tailoring a structure, a low-order model
for the dynamics of the lattice structure is developed. This structural low-order model is cou-
pled to a previously-developed physics-based transonic flutter model to compute the aeroelastic
behavior of wings with internal lattice structures. The structural low-order model is validated
by comparing against the full-order structural dynamics model. Finally, the design methodol-
ogy is applied to the design of an internal structure of an aircraft wing to increase that wing’s
flutter speed.

Nomenclature

A = Aspect ratio
AΓ, A ÛΓ, Aκ = Coefficients of Γ evolution equation
aik = Cross-sectional area of member connecting node i and k
c = Airfoil chord length
E = Young’s modulus
F = Force vector
h = Vertical deflection, positive downward
I ȳ = Mass moment of inertia per span
K = Stiffness matrix
L = Lift per span
l̄ = Effective wing length
lik = Length of strut connecting node i and k
M = Mass matrix
M = Mass per span
M∞ = Freestream Mach number
Mc/2 = Aerodynamic moment per span around mid-chord
m = Number of members in lattice
mwing = Wing mass
n = Number of nodes in lattice
Sȳ = Mass unbalance per span
T()→() = Map between low-order and full-order lattice model
t = Time
q∞ = Dynamic pressure
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u = Displacement vector
V⊥ = Wing-perpendicular velocity
Vf = Flutter speed
w = Vertical (downward) velocity
x̄, ȳ, z̄ = Coordinates aligned with swept wing
Γ = Circulation strength
θ = Pitch angle
κx = x-doublet strength
Λ = Wing sweep angle
λ = Taper ratio
σ = Stress
σT = Maximum tensile stress
σC = Maximum compressive stress
ϕ = Basis function (normalized)
χfl = Maximum real eigenvalue of aeroelastic system

I. Introduction

The additional design freedom that is offered by additive manufacturing can be potentially be used to efficiently alter
the aeroelastic properties of wings to improve their flutter margins. In this paper we develop a design methodology

to exploit this additional design freedom to aeroelastically tailor the internal structure of aircraft wings.
To date, the aeroelastic optimization of aircraft wings has mostly focused on conventional internal wing structures—

i.e., an orthogonal array of ribs and spars [1–5]. Novel manufacturing techniques potentially allow for further
improvements in the structural efficiency of wings with configurations that are not necessarily restricted to a conventional
rib-spar lay-out. Several ways to parametrize the internal structure of the wing have been demonstrated. For example,
Balabanov and Haftka [6], and Locatelli et al. [7] retained the rib-spar layout but allowed for curvilinear components,
which is therefore an inherently two-dimensional parametrization. Alternatively, three-dimensional parametrizations are
used where the optimizer is allowed to place material anywhere in the wing. These problems are typically solved using
solid-isotropic-material-with-penalization (SIMP) methods [8–10] or level-set methods [11, 12], as demonstrated by,
amongst others, Maute and Reich [13], Dunning et al. [14], and Kambampati et al. [15] for aircraft wings and wing
boxes. A combination of a conventional wing structure layout with topologically optimized parts is investigated by
Stanford and Dunning [16] where an orthogonal rib-spar layout is used but where topology optimization is applied to the
ribs and spars. Recently, Townsend et al. [17] optimized plate-like wing structures using level-set topology optimization
to minimize the weight of the wing and to mitigate flutter, and demonstrated large weight savings by using such an
optimized structure. Finally, Aage et al. [18] used topology optimization to design the internal structure of an aircraft
wing using giga-voxel resolution, but that study did not consider aerostructural coupling or dynamic aeroelasticity.

Other studies have shown the potential benefits of novel manufacturing techniques on a wing’s aeroelastic properties.
For example, Haddadpour et al. [19] and Stodieck et al. [20] demonstrated increased wing stiffness for tow-steering with
composite materials [21, 22]. Stanford et al. [23] investigated the differences between several novel tailoring schemes
on wings subject to transonic flutter constraints and found that a spatially varying thickness distribution—through
additive manufacturing—yielded more benefit than tow-steering alone.

Lattice structures have been used in the design of internal wing structures by Walker et al. [24], who optimized the
internal structure of a wing using lattice structures utilizing commercial software, focusing on lattice structures due to
their high stiffness-to-weight ratio [25]. Such lattice structures have also been used in morphing wing applications
[26, 27]. Neither of these studies considered aeroelasticity, whereas the focus of the current paper is on design of lattice
structures for wings under aeroelasticity constraints.

Beyond aircraft wings, helicopter and propeller blades have also been aeroelastically optimized. For example,
Ganguli et al. [28] used high-fidelity flow and structural simulations to minimize rotor vibrations, while constraining
aeroelastic stability. Glaz et al. [29] also focused on minimizing vibrations in helicopter forward flight, now using
surrogate models for the structural and aerodynamic loads. Finally, Pagano et al. [30] instead focused on noise reduction
of propeller blades through coupled aeroelastic-aeroacoustic simulations.

Our methodology instead focuses on the aeroelastic tailoring of additively-manufactured lattice structures for
wings. To reduce the computational effort required for this—and thereby enabling inclusion in early-stage design
methods—we develop a lower-order method for the structural dynamics of lattice structures, which we then combine
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with a previously-developed aerodynamic low-order model to assess the aeroelastic behavior of a lifting surface. This
design methodology is applicable to (UAV) wings, for which an example is included.

The low-order models used to design the lattice and describe its aeroelastic behavior are discussed in Section II. The
structural response found by the low-order structural model is validated for different beams in Section III. The design
methodology is applied to a wing design study in Section IV. Finally, the main findings are discussed in Section V.

II. Methodology
This section details the aeroelastic tailoring approach, which is developed in this paper and summarized in Section II.A.

Throughout this work, we use a previously-developed physics-based low-order aerodynamic model (Section II.B) which
is then coupled to a newly-developed low-order structural dynamics model of the lattice (Section II.C) to describe the
aeroelastic response of the structure. The structure is aeroelastically-tailored by altering the cross-sectional area of the
struts in the lattice (Section II.D).

II.A. Aeroelastic Tailoring Approach
The complete aeroelastic tailoring approach can be summarized as follows. This work uses a previously-developed

physics-based low-order model for transonic flutter [31, 32]. The first step, therefore, is to calibrate the aerodynamic
coefficients of that model using 2D unsteady Euler simulations for the airfoil family used in the wing design. This
approach is described in detail in Ref. [31, 32].

Second, the load distribution over the wing is computed to obtain the baseline lift coefficient c`0 at each beam
section—which is needed to select the correct aerodynamic coefficients for the flutter model [32]—and to generate a
pressure field over the wing that is subsequently used as input to the structural analysis of the wing internal structure.
There are several ways of computing the flow over the wing, e.g., using a vortex-lattice method or a higher-fidelity Euler
simulation. In the current work, we use an Euler CFD simulation computed with the SU2 tool suite [33].

The aerodynamic loading of the wing is used as input to design a lattice structure for the internal wing structure.
Lattice design results in a high-dimensional optimization problem to decide on the size of the struts, nodal locations and
connectivity between nodes. To address the high dimensionality of the problem, the design of a lattice structure is split
into the design of the lattice topology—the location of the lattice nodes and the connectivity between those nodes—and
the sizing of the lattice struts. Combining both these optimization problems, however, can potentially lead to more
efficient solutions, and this is a topic of future work, as described in Ref. [34].

The pressure distribution over the wing is used as the input for the structural FEM analysis of the internals of the
wing, which allows for computing the stress tensor everywhere in the domain. The stress tensor is computed using
a finite element method for linear elasticity.∗ From the stress tensor, then, a Riemannian metric field is computed to
define where the lattice should be fine (near areas of high stress) and where it can be coarse (near areas of low stress).
That metric is used to generate a lattice topology that is optimal using a metric-based adaptive mesh generator. A
similar approach is used in the CFD community to adapt meshes to detailed flow features [36]. Once the topology is
decided on, the struts of that lattice can be optimized for minimum weight. Here, we use bar elements for the struts with
pinned joints—in future work a higher-fidelity (and more expensive) approach would be to use 3-D beam elements
in combination with modeling the joint stiffnesses. Currently, we also do not account for material overlap near the
joint. Note that the low-order dynamics model for the structure also would work with such a higher-fidelity underlying
full-order model. In this work, the strut sizes are minimized for weight, subject to a flutter constraint. Note that the
struts are considered cylinders here, but the approach extends to other cross-sectional shapes as well.

The overall design methodology is illustrated in Fig. 1 and described in detail in Ref. [34]. An example of a bracket
designed using this design methodology is shown in Fig. 2.†

Finally, the size of each strut of this lattice is determined by solving an optimization problem that takes into account
compatibility conditions, buckling, and flutter. To determine whether or not flutter occurs for such a lattice structure, we
build up a low-order structural model for the lattice and combine that with the low-order aerodynamic model.

∗This solver is described in detail in Appendix B of Ref. [35] and its source code is made available at github.com/mopg/luteos.jl.
†The geometry generation method that was used to generate the solid geometry in Fig. 2b is described in detail in Appendix C of Ref. [35] and its

source code is made available at github.com/mopg/intrico.jl.
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Fig. 1 Approach for design of lattice structures for additive manufacturing [34].

II.B. Low-Order Aerodynamic Model
We tailor the internal lattice structure of the wing such that the wing has minimum weight while mitigating flutter,

potentially at transonic flow conditions. At transonic Mach numbers, Theodorsen theory with compressibility corrections
is no longer accurate. Instead, we employ a physics-based low-order model for transonic flutter [31, 32]. This section
briefly summarizes the physics-based model’s formulation; for more details, see Ref. [31] and [32].

This low-order flutter model is calibrated using 2D unsteady high-fidelity Euler simulations and validated against
standard flutter benchmark cases, where it is shown to accurately capture the characteristic transonic dip behavior. The
model’s application to the flutter characteristics of wings is described in Ref. [32].

The aerodynamic model uses strip theory, which is applicable to wings with moderate-to-high aspect ratio. For
instance, at the ith section on the wing, the evolution equation for the circulation perturbation ∆Γi can be written as [32]

∆ ÛΓi = − AΓ
A ÛΓ
∆Γi − Aκ

A ÛΓ
∆κx,i +

1
A ÛΓ

(
∆wi + V⊥

∂∆hi
∂ ȳi

tanΛ
)

+
V⊥
A ÛΓ
∆θi +

ci/4
A ÛΓ

(
∆ωi + V⊥

∂∆θi
∂ ȳi

tanΛ
)
, (1)

where h is the (downward) deflection, w is the vertical (downward) velocity, θ is the pitch angle, ω is the angular
velocity, c is the local chord, Λ is the wing sweep angle, and V⊥ is the wing-perpendicular velocity. κx is the doublet
strength, which is the second aerodynamic state per section. Note that the subscript ()i indicates the section number.
The aerodynamic coefficients AΓ, A ÛΓ, Aκ are all calibrated from unsteady 2D transonic Euler simulations, as described
in Ref. [31].

The circulation strength perturbation ∆Γi and its time derivative ∆ ÛΓi are then used to compute the circulatory parts
of the lift perturbation and the moment perturbation. These are combined with the non-circulatory parts (which are
functions of ∆ Ûθ, ∆ Üθ and ∆Üh) to give the lift perturbation ∆Li and moment perturbation ∆Mc/2. For more information,
please refer to Refs [31, 32].

In Ref. [32], the flutter model is coupled to a one-dimensional Euler-Bernoulli beam model. Here, we replace that
beam model with a low-order lattice model, which is further described in Section II.C.

II.C. Low-Order Structural Dynamics Model for Lattice Structures
To compute the dynamic characteristics of lattice structures for the internal structure of a wing efficiently, we

develop a low-order model for the lattice structure dynamics. This dynamic low-order model is defined in terms of the
vertical and angular displacement of the wing sections (Fig. 3), which are needed for the aerodynamic model. The
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(a) Load case. The bracket is loaded in bending and clamped at the
back.

(b) Final design. The lattice is fine near areas of high stress and aligned with the
load direction.

Fig. 2 Example of a bracket designed using the lattice design methodology. Figure from Ref. [34].

purpose of this low-order model is therefore two-fold: (1) to change the structural system’s degrees of freedom into
degrees of freedom that are relevant for the aerodynamic mode, and (2) reduce the cost of computing eigenvalues of the
aeroelastic system by keeping the number of DOFs for the structural system around the same order of magnitude as for
the aerodynamic system. Note that in order to achieve (1) we have to map between low-order and full-order model, and
those mappings are then used to construct a lower-order model to reduce the computational effort (2).

For a lattice structure with n nodes and m struts, the dynamics are described by

M Üu (t) + Ku (t) = F (t), (2)

where M ∈ R3n×3n is the mass matrix, K ∈ R3n×3n is the stiffness matrix, F (t) ∈ R3n is a dynamic force vector, and
u (t) ∈ R3n is the displacement vector of each node in the lattice.

K and M are potentially large (sparse) matrices, resulting in a large aeroelastic system. As part of the lattice
optimization, the eigenvalues of this aeroelastic system need to be computed repeatedly, which can become expensive.
Therefore, we reduce the size of the structural system by using an equivalent beam model (Fig. 3), which describes the
vertical and torsional deflection of several wing sections, rather than the deflection of each lattice node. The dynamics
of the beam model are described by,[

M Sy

Sy Iy

] [ Üh
Üθ

]
+

[
Khh Khθ

Kθh Kθθ

] [
h
θ

]
=

[
−L

Mc/2

]
, (3)

where h are the vertical deflections of the wing sections and θ are the torsional deflections of the wing sections. L is the
lift acting at each wing section, and Mc/2 is the moment around the mid-chord at each wing section. The matrices M,
Sy , and Iy are computed from the full-order mass matrix M , and the matrices Khh , Khθ , Kθh , and Kθθ are computed
from the full-order stiffness matrix K . The expressions for these low-order matrices are derived in the rest of this
section. Note that this low-order model approach is agnostic to how the full-order structural dynamics are modeled. The
approach therefore remains the same irrespective of whether bar or beam elements are used for the lattice struts—even
though the eventual low-order system is obviously different. This approach can also be extended to consider more than
just twisting and bending, by defining appropriate mappings to other directions. However, we focus here on bending and
twisting as those are most important for aeroelasticity.

The full-order mass matrix M is obtained by lumping half the weight of each strut connecting to a node into the
mass of that node, while having massless connectors (Fig. 4).

We define the low-order mass matrix M as a diagonal matrix, where the ith diagonal entry corresponds to the mass
per span of the ith beam section. Similarly, Sy is a diagonal matrix where the diagonal represents the mass unbalance
per span at each beam section. Finally, Iy is a diagonal matrix of the mass moment of inertia per span at each beam
section.

The low-order mass matrixM (diagonal by construction) is mapped from the full-order mass matrix M as

diag (M) = TM→M diag (M) , (4)
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Fig. 3 The full-order dynamic lattice model is reduced to a low-order lattice model to be used in the lattice
optimization.

where TM→M is defined as
TMk→M j

= ϕj(yk), (5)
with ϕj the basis function of the jth node and y the coordinate along the elastic axis of the wing. Throughout this work,

linear nodal basis functions are used for ϕj . Note that all basis functions are normalized, i.e.,
∫ l

0 ϕj(y)dy = 1. By using
linear basis functions (“hat functions”), we lump half of the mass between beam sections into the equivalent mass of the
adjacent beam sections. The resulting mass matrix is sometimes referred to as a diagonally lumped mass matrix [37],
All quantities necessary for the mapping between the beam model and the full-order model are defined in Fig. 5.

The mass unbalance matrix S is found in a similar fashion as the low-order mass matrix. However, for the mass
unbalance, we also care about the local perpendicular distance to the elastic axis of the node, because the effect of
the center of gravity of a section is encoded in the mass unbalance matrix. Hence, we obtain S (again, diagonal by
construction) from a similar mapping from the mass matrix M as,

diag
(
Sy

)
= TM→S diag (M) (6)

with
TMk→Sj

= ϕj(yk)
(
xk − x j

)
. (7)

Again, ϕj(yk) proportionally lumps the local nodal contribution into the adjacent beam sections, while
(
xk − x j

)
is the

perpendicular distance to the elastic axis.
Finally, the mass matrix M maps to the mass moment of inertia matrix Iy as

diag
(
Iy

)
= TM→I diag (M) (8)

with
TMk→Ij = ϕj(yk)

[ (
xk − x j

)2
+

(
zk − z j

)2
]
. (9)

Here, the last term indicates the square of the perpendicular distance to the elastic axis, because the sectional moment of
inertia needs to be computed around the elastic axis, not the local nodal axis. Note that we are hereby neglecting the
inertia of the node itself, which is a higher-order effect.
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Fig. 4 Mass matrix is generated by lumping the mass from the edges into the nodes.

To fully define the beam model (3), we also need to compute the low-order stiffness matrices. The stiffness matrix
K is obtained from the connectivity of the lattice (C) and stress-strain relations (B) as [38]

K = CB−1CT. (10)

For this beam model, we only consider bending around the x axis and torsion around the y axis. Therefore, we
only have to consider displacements in z-direction. To find the stiffness matrices for the beam model, we consider the
combined full-order system (Ku = f) with the low-order model’s degrees of freedom (h and θ),


K 0 0

Tu→h −I 0
Tu→θ 0 −I



u
h
θ


=


TL→F

0
0


L +


TM→F

0
0


Mc/2, (11)

where Tu→h, Tu→θ , TL→F, and TM→F are mappings between the low-order and full-order model, which will be defined
later in this section. As written, Eq. (11) simply holds the full-order static displacement relations Ku = f, where
f is mapped from from the lower-order aerodynamic lift and moment, and holds the relations that Tu→hu = h and
Tu→hθ = θ. Through Schur complements of Eq. (11), this system can be rewritten as[

Tu→hK
−1TL→F Tu→hK

−1TM→F

Tu→θK
−1TL→F Tu→θK

−1TM→F

] [
L

Mc/2

]
=

[
h
θ

]
, (12)

which combines Eq. (2) with mappings between the full displacement vector u and the vertical displacement (positive
downward) h and the angular displacement θ, as well as mappings between the full force vector F and the lift vector L
and the moment around the mid-chord Mc/2. To find the low-order stiffness matrices, the block inverse of Eq. (12) is
computed, yielding the system [

Khh Khθ

Kθh Kθθ

] [
h
θ

]
=

[
−L

Mc/2

]
(13)

To map the full displacement vector u to the deflection of the beam model h, we consider the average z-displacement
near the beam node,

Tuz,k→h j =
Akϕj (yk)∑
iAiϕj (yi), (14)
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Fig. 5 Mapping the deflections from the low-order beam model to the full lattice model.

where Ak is the projected area in z-direction of the kth lattice node (Fig. 5). The full displacement vector u can also
induce a pitch deflection of the beam model; the mapping between u and θ is defined to be

Tuz,k→θ j =
1
2
`kϕj (yk)∑
i `iϕj (yi)

1
xk − x j

, (15)

where `k is the length along the leading or trailing edge for the lattice node k.
The lift per span L only acts on the surface of the lattice, and is mapped to the full force vector F by considering the

average pressure around the jth beam node,

TL j→Fk,z
=

1
c j
ϕj(yk)Ak,

where c̄j is the wing-perpendicular chord length at the jth wing section, andAk is the projected area of the kth node, as
defined in Fig. 5.

Finally, the moment around mid-chord per span Mc/2 is mapped to the full force vector F as,

TMj→Fk,z
= `k ϕj(yk) 1

xk − x j
. (16)

The mappings Tuz,k→h j , Tuz,k→θ j , TL j→Fk,z
, and TMj→Fk,z

fully define the low-order structural model (3). That
beam model has four states per beam section: the vertical (downward) deflection hi , the vertical (downward) velocity wi ,
the pitch angle θi and the pitch rate ωi . Combined with the aerodynamic states (∆Γ, ∆κx , ∆ Ûκx), the aeroelastic system
therefore has seven states per beam section.
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II.D. Lattice Optimization with Flutter Constraint
To find the optimal area of each strut in the lattice, we solve a nonlinear optimization problem, which includes limits

on the stresses in each strut, buckling constraints, and constraints on flutter behavior. This optimization problem for a
lattice with m struts and n nodes in the physical dimension d is written as

min
u,a,f,σ

V = lTa (17)

subject to Cf = F (force balance)

Bσ + CTu = 0 (stress-strain compatibility)
fj = σjaj (stress definition)

−σC ≤ σj ≤ σT (stress limits)

fj ≥ −
πEa2

j

4(kelj)2
(buckling)

χfl < χfl,max (flutter)
amin, j ≤ aj ≤ amax, j

u ∈ Rn d, f ∈ Rm,
where V is the volume of the lattice, aj is the cross-sectional area of the jth lattice strut, fj is the force in the jth
lattice strut, σj is the stress in the jth lattice strut, and lj is the length of the jth strut. ke is the column effective length
factor, which is taken to be 1.2 here, σT is the maximum allowable tensile stress, and σC is the maximum allowable
compressive stress. χfl is the maximum real part of the eigenvalues of the aeroelastic system, which is constrained to be
lower than χfl,max (typically −0.005/s) for aeroelastic stability, similar to the work of Ringertz [39]. Note that apart from
the flutter constraint, the optimization problem in Eq. (17) is used commonly in structural optimization problems [38].

χfl is computed using the low-order structural dynamic model (explained in Section II.C) to reduce the computational
cost of the optimization problem in Eq. (17). However, the full-order structural model is still used to compute stresses
and strains and enforce the stress and strain constraints throughout the part. These constraints are highly localized and it
is therefore harder to come up with a global low-order model for those.

The optimization problem in Eq. (17) is non-convex, due to the constraint fj = σjaj and the flutter constraint being
non-convex. The problem is therefore solved using a generic NLP solver, in this case Ipopt [40]. Due to the non-convex
nature of the problem, we cannot guarantee finding a global minimum. Therefore, the optimization problem can be
solved with multiple initial conditions to find (a possibly lower) local minimum. But again, there is no guarantee that
the global minimum can be found, even with multiple starts.

Since we are solving Eq. (17) using a generic nonlinear optimizer, providing gradients of the objective and constraints
can greatly improve the speed and accuracy of the optimization. For the objective function, computing the gradient is
straightforward as the objective function is linear. All constraints—except the flutter constraint—are also all linear
or at most quadratic, for which it is straightforward to derive the gradients. However, the flutter constraint is a highly
nonlinear function of the cross-sectional area of each strut.

Computing the gradient through finite differences or forward differentiation is too expensive for the flutter constraint,
as gradient computation using such forward methods scales with the input dimension, and there can be thousands of
struts in the wing lattice. Adjoint differentiation on the other hand, scales with the output dimension. Here, we are
only interested in one output: the aeroelastic eigenvalue. We therefore implement an adjoint to efficiently compute the
gradient of the maximum eigenvalue with respect to the cross-sectional areas of the struts. We derive the adjoint for this
problem from adjoints of elementary matrix operations, based on the work by Giles [41, 42].

To compute the adjoint of χfl, the low-order model construction has to be traversed in reverse. Starting with the
eigenvalue computation, the adjoint of a generic matrix A with respect to its maximum eigenvalue is

A = R−TΛRT, (18)

where the adjoint is here denoted as A, R is the matrix composed of eigenvectors and

Λ =



1 0 · · · 0
0 0 · · · 0
...

...
. . .

...

0 0 · · · 0


, (19)
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if the eigenvalues are ordered such that the first eigenvalue of A has the largest positive real part. Using this elementary
result—more details are provided in Ref. [35]—we can compute the adjoint of the low-order mass and stiffness matrices
in Eq. (3).

The part of the adjoint of the cross-sectional areas that stems from the mass matrix M follows in a straightforward
manner from the adjoint of the low-order mass matrices and the mapping between the low-order mass matrix and the
full mass matrix. For the stiffness matrices, we require the adjoint of a block inverse to compute the adjoints of the
blocks in Eq. (12). This derivation is too long to repeat here, please consult Ref. [35] for more details.

We would then like to compute the adjoint of K using the adjoint of a matrix triple inverse product (D = CA−1B),
which is derived in Ref. [35]. In the following, we denote the different blocks of Eq. (12) as K11 = Tu→hK

−1TL→F,
K12 = Tu→hK

−1TM→F, etc. The adjoint of the stiffness matrix K can then be expressed as

∂ χ

∂K
= −

(
K−TTT

u→h

) ∂ χ

∂K11

(
K−1TL→F

)T
(20)

−
(
K−TTT

u→h

) ∂ χ

∂K12

(
K−1TM→F

)T
(21)

−
(
K−TTT

u→θ

) ∂ χ

∂K21

(
K−1TL→F

)T
(22)

−
(
K−TTT

u→θ

) ∂ χ

∂K22

(
K−1TM→F

)T
. (23)

Note that here K−1 is always grouped with a projection matrix to avoid having to directly compute the inverse of K (a
large sparse matrix). The part of the adjoint of the cross-sectional areas that stems from the stiffness matrix K then
follows from the adjoint of B−1 in a straightforward manner as each diagonal entry of B−1 is linearly dependent on the
cross-sectional area of one strut.

The contributions of the mass and stiffness matrix to the adjoint of the cross-sectional areas of the struts are added
to yield the gradient of the maximum eigenvalue with respect to the cross-sectional areas of the lattice struts.

In our implementation, computing the adjoint is only 3.5× more expensive than evaluating the maximum aeroelastic
eigenvalue, starting from low-order model construction. Computing a gradient of a function should be no more than five
times as expensive as evaluating the underlying function [43], so this implementation is well within that.

III. Validation of Low-Order Structural Beam Model
The low-order beam model has to be validated against its full-order lattice model. We compare the frequencies and

mode shapes for a long and slender beam, as computed by the full-order lattice model and the low-order beam model. A
symmetric lattice that is used in the first part of this section is shown Fig. 6. This lattice is symmetric with respect to the
yz plane with the elastic axis and center of gravity coinciding with the mid-chord line. The lattice’s dimensions are
1.0 × 20.0 × 0.15 m, the struts have a radius of 25 mm, and its material’s Young’s modulus is 70 GPa.

Fig. 6 Lattice with 136 nodes and 535 struts used for validation.

The frequencies of the model are listed in Table 1 for the first four bending modes and first two torsion modes using
a beam model with nred = 10 and nred = 20 beam sections. The error between low-order and full-order model is below
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4% in all cases, which is deemed sufficiently accurate in this study, as the error is lower than the spacing of frequencies
between different modes. Note that the error increases for higher mode numbers, which is the result of the discretization
in the beam model. As the number of beam sections in the beam model increases, the error frequencies and mode
shapes further reduces (Table 1).

Mode Lattice model, Hz Beam model, Hz Error, % L2 error in mode shape
nred = 10 nred = 20 nred = 10 nred = 20 nred = 10 nred = 20

Bending (I) 0.9075 0.9055 0.9061 0.22 0.15 0.003 0.0006
Bending (II) 5.263 5.306 5.286 0.81 0.44 0.011 0.005
Torsion (I) 9.152 9.111 9.16 0.45 0.087 0.007 0.004
Bending (III) 14.24 14.52 14.35 1.9 0.74 0.021 0.008
Bending (IV) 26.73 27.82 27.13 3.9 1.5 0.037 0.014
Torsion (II) 28.38 28.42 28.41 0.14 0.11 0.022 0.0115

Table 1 Comparison between frequencies obtained from the full-order lattice model and the low-order beam
model.

Note that other model reduction approaches, such as a modal structural approximation, would capture lower
modes exactly. Modal analysis has long been used in structural dynamics in various settings, such as in component
substructuring [44]. However, in order to compute that approximation, we would have to solve a (potentially large)
eigenvalue problem, which we try to avoid. Furthermore, in our approach, we reduce the model to degrees of freedom
we care about for the aerodynamic model. Because we have to do these mappings from the full-order structural model
to the aerodynamic model anyway, we also use these mappings to define a more efficient lower-order structural model.

X Y

Z

(a) Full-order lattice model

X Y

Z

(b) Low-order beam model

Fig. 7 Comparison between second bending mode of full-order lattice model and low-order beam model. Note
that the color scale is the same between figures.
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(a) Full-order lattice model

X Y

Z

(b) Low-order beam model

Fig. 8 Comparison between first torsion mode of full-order lattice model and low-order beam model. Note
that the color scale is the same between figures.

The mode shapes are also compared between the low-order beam model and full-order lattice model; visually in
Figures 7 and 8 and quantitatively through the L2 error in mode shape in Table 1. The second bending mode shape
is shown in Fig. 7. These shapes also match well between the low-order model and full-order model. A comparison
between the low-order model and full-order model for the first torsion mode is shown in Fig. 8, and again these shapes
match well between the low-order and full-order model.

Lastly, we also compare the structural frequencies between the low-order and full-order model for a lattice where
neither the elastic axis, nor the center of gravity position coincides with the mid-chord line. This lattice has an
asymmetric orientation for its struts as well as different thicknesses for several struts (Fig. 9). The lattice’s dimensions
are again 1.0 × 20.0 × 0.15 m and the material’s Young’s modulus is still 70 GPa. The radius of the struts in the center
of the lattice is 5 mm (white in Fig. 9). The radius of the struts on the positive-x face are 3.5 mm (blue in Fig. 9),
whereas the struts on the negative-x face are 7.1 mm (red in Fig. 9), to make the structure asymmetric.

Mode Lattice model, Hz Beam model, Hz Error, %

Mode I 1.103 1.112 0.81
Mode II 6.620 6.398 3.5
Mode III 9.716 9.433 3.0
Mode IV 17.59 16.94 3.7
Mode V 31.59 30.17 4.4
Mode VI 33.03 31.67 4.1

Table 2 Comparison between frequencies obtained from the full-order lattice model and the low-order beam
model for a case where the center of gravity and elastic axis do not coincide with the mid-chord.
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Fig. 9 Asymmetric lattice with 126 nodes and 489 struts used for validation of lattice structures. The cross-
sectional area of the red struts is twice as large as that of the white struts, which in turn is twice the size of the
cross-sectional area of the blue struts.

The structural frequencies for the lattice in Fig. 9 obtained from both the low-order model (10 beam sections) and
full-order model are compared in Table 2. The error in frequency is comparable to the symmetric case (Table 1).

IV. Flutter Mitigation through Aeroelastic Tailoring
This section demonstrates the aeroelastic tailoring of lattice structures to mitigate flutter. First, we optimize the

internal lattice of the wing without considering flutter and show the flutter boundary and structural modes of that design.
Second, we optimize the internal lattice again, but now including a flutter constraint in the optimization. We then
compare the flutter characteristics of the two wings as well as their relative mass. It is found that optimizing the wing to
obtain a 15% higher flutter speed only makes the structure 1.8% heavier.

mises/ yield: 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10

Fig. 10 Von Mises stress throughout design space for wing in transonic flow.

We consider an early-stage design study of a wing—with geometric parameters as listed in Table 3. It should be
noted that this is not a real-world detailed design study, and merely an academic example of the developed methodology.
These results are not intended to be used to deduce the relative benefit of aeroelastically-tailored lattice structures
over other tailoring approaches. The structure is sized for a load case with dynamic pressure q∞ = 6535 Pa, wing lift
coefficient CL = 0.8, and Mach number M∞ = 0.75. We also check flutter under these conditions. The material used in
the wing is a polymer material with E = 3.5 GPa, σT = 50 MPa, σC = 60 MPa, and ρ = 1240 kg/m3. In this study
we assume all the load is taken up by the internals of the structure, neglecting any wing skin. The study can be extended
to include a loaded wing skin, as mentioned in Ref. [34]. Note that we consider only the wing in this study, and consider
the wing root to be fully clamped. The inclusion of this method in an overall aircraft design study could be a topic of
future work, which this method should be fast enough for.

For the load case considered, the Von Mises stress through the solid internal domain of the wing is shown in Fig. 10,
as computed using a structural FEM solver discussed in Appendix B of Ref. [35]. The aerodynamic loads are computed

13



(a) Top view

(b) 3D view, looking at root section

Fig. 11 Original lattice that is optimized without considering aeroelastic instabilities.

Table 3 Geometric parameters of wing

Parameter Value

Root chord, cr 1.0 m
Aspect ratio,A 6
Taper ratio, λ 0.5
Sweep, Λ 0◦

Airfoil C130 (from Ref. [45])

using a lifting-line method, in line with the aerodynamic model considered in Section II.B. The root is clearly highly
loaded—especially near the center of the wing—whereas the tips are lightly loaded. The stress tensor for this load case
is then used to generate a metric field, which in turn is used to generate the lattice topology. The struts of that lattice
are subsequently optimized for minimum weight of the wing, subject to stress constraints—note that we will consider
flutter constraints later in this section. The original optimized lattice—without considering flutter—is shown in Fig. 11.
In this lattice the largest strut radius is allowed to be 2.5× larger than the smallest strut radius. This lattice has 629
nodes and 2,870 struts. The size of the full-order structural dynamic system is therefore (3540 × 3540). In this case,
our lower-order model leads to approximately an order of magnitude lower computational cost. We should note that
this is still a relatively small problem, and the low-order model’s cost stays approximately constant with the size of the
full-order model, leading to further cost savings for larger problems.

The flutter boundary for the original lattice is shown in Fig. 12. The model clearly exhibits typical transonic dip
behavior, where the flutter speed is lowest for transonic Mach numbers and higher for subsonic and high transonic Mach
numbers [46].

Problematically, this flutter speed Vf in Fig. 12 is too low and the wing starts fluttering at the design case considered.
We therefore optimize the lattice again, but now add a flutter constraint that ensures the wing’s flutter speed is at
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1.15

1.42

Original

Aeroelastically
tailored

Mach number, M∞

Vf

Vorg,min

Fig. 12 Flutter boundary for both the original lattice and the aeroelastically-tailored lattice.

least 15% higher than the original lattice. To investigate the influence of initial condition on the optimization result,
we consider three different initial conditions (Fig. 13): starting from the baseline design (optimized without flutter
constraint), 25% larger cross-sectional areas than baseline design, and maximum cross-sectional area for all struts.
Starting from the baseline design yields the lowest overall weight, which is to be expected given that the optimizer then
already satisfies all constraints except the flutter constraint, and the main focus is then to satisfy the flutter constraint.
Starting further away from the baseline design, the optimizer has to worry more about also satisfying stress-strain
constraints, for instance, and can get stuck in a local minimum along the way due to the highly non-convex flutter
constraint. In the rest of this section, we use the result with the baseline design as the initial condition.

Baseline
no flutter constraint 0%

Starting from Baseline 1.8%

Starting from
25% larger cross. areas 2.9%

Starting from
max. cross. areas 7.7%

Fig. 13 Increase in wingmass compared to baseline for several aeroelastically tailored wings that are optimized
using different initial conditions.

The resulting aeroelastically-tailored lattice is only 1.8% heavier than the original lattice. The flutter boundaries
for both the original and the aeroelastically-tailored structure are shown in Fig. 12, which shows that the entire flutter
boundary moves up for the aeroelastically-tailored lattice. Fig. 14 shows the final optimized lattice, where its struts are
colored according to whether their cross-sectional area increased or decreased compared to the original lattice. We see
that especially in the outboard region of the wing and near the trailing edge, the cross-sectional areas are increased.
This is confirmed by the change of mass distribution and CG distribution along the span (Fig. 15), where we see that
especially around 75% span the optimized lattice is heavier and the CG is shifted backwards. This also increases the
stiffness of the outboard section of the wing, as that part of the wing is most flexible considering it has fewer struts, which
are also fairly thin (Fig. 11). The change in stiffness of the internal structure of the wing, can be clearly deduced from
the structural frequencies of the eigenmodes (Fig. 16), which are all at least 2.4% higher for the aeroelastically-tailored
lattice (Table 4). We also validate these numbers against the full-order structural model in Table 4, which confirms the
relative increase in structural frequency. All these changes are quite subtle, but remember that the overall mass increase
is only 1.8%, so it is not expected that for instance the mass distribution changes drastically. However, these changes in
local stiffness, CG position, and sectional mass are enough to increase the flutter speed by 15%.
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Fig. 14 Aeroelastically-tailored lattice. The cross-sectional area of each red struts is more than 2.5% larger
than the cross-sectional area of the corresponding strut in the original lattice, whereas the cross-sectional area
of each blue strut is smaller than the corresponding original strut by 1% or more.

Table 4 Comparison between relative increases in structural frequencies of wing from aeroelastically tailored
wing to baseline wing.

Mode Change in structural frequency (LOM) Difference between LOM and FOM

LOM FOM Baseline Aeroelastically-tailored

Mode I +3.3% +2.9% +2.8% +2.4%
Mode II +3.4% +3.3% −3.1% −3.2%
Mode III +2.4% +2.1% +3.6% +3.3%

V. Conclusion
This paper presented a design methodology for using lattice structures for the internal structure of a wing and

tailoring the area of each member of the lattice for minimum weight and mitigating aeroelastic instabilities. The lattice
structures are designed to align with the stress direction in the structure to result in an efficient structure. To keep the
cost of evaluating the aeroelastic stability of the wing manageable, a low-order structural model is developed for the
lattice structure. This low-order model is coupled to the physics-based low-order aerodynamic model to evaluate the
aeroelastic eigenvalues of the system. The low-order model is computed using mappings between the deflections of the
full-order lattice model and the equivalent beam model, and mappings between the forces on each node of the lattice
to the moments and forces on the beam model. The structural frequencies of the low-order beam model have been
compared against the structural frequencies of the full-order lattice model, where a maximum error of only 4% was
observed for higher modes. This flutter model is then used to predict the flutter of the lattice structure and is included in
the optimization problem to find the optimal cross-sectional area of each of the members of the lattice, while avoiding
aeroelastic instabilities.

This approach to aeroelastic tailoring is applied to the design of the internal structure of a wing in transonic flow. It
was found that including a flutter constraint in the optimization increases the flutter speed by 15%, while the weight of
the structure is increased by only 1.8%, compared to the design where flutter was not constrained.
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(c) 3rd mode (torsion), frequency 2.4% higher for tailored lattice

Fig. 16 Eigenmodes for optimized wing lattice. These are essentially identical to the eigenmodes of the original
wing lattice.
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