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Abstract. This paper proposes and analyzes two reduced-order model (ROM) based approaches for the efficient
and accurate evaluation of the Conditional-Value-at-Risk (CVaR) of quantities of interest (Qol) in
engineering systems with uncertain parameters. CVaR is used to model objective or constraint func-
tions in risk-averse engineering design and optimization applications under uncertainty. Evaluating
the CVaR of the Qol requires sampling in the tail of the Qol distribution and typically requires
many solutions of an expensive full-order model of the engineering system. Our ROM approaches
substantially reduce this computational expense. Both ROM-based approaches use Monte Carlo
(MC) sampling. The first approach replaces the computationally expensive full-order model by an
inexpensive ROM. The resulting CVaR estimation error is proportional to the ROM error in the
so-called risk region, a small region in the space of uncertain system inputs. The second approach
uses a combination of full-order model and ROM evaluations via importance sampling and is effective
even if the ROM has large errors. In the importance sampling approach, ROM samples are used
to estimate the risk region and to construct a biasing distribution. A few full-order model samples
are then drawn from this biasing distribution. Asymptotically, as the ROM error goes to zero, the
importance sampling estimator reduces the variance by a factor of 1 — 8 < 1, where 8 € (0,1) is
the quantile level at which CVaR is computed. Numerical experiments on a system of semilinear
convection-diffusion-reaction equations illustrate the performance of the approaches.
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1. Introduction. Designing reliable engineering systems requires taking into account the
uncertainties associated with system parameters. In risk-averse optimization, so-called risk
measures are applied to quantities of interest (Qol) X to form the objective function and
constraint functions. This paper proposes rigorous ways to use reduced-order models (ROMs)
for the the efficient estimation of the so-called Conditional-Value-at-Risk at level 5 (CVaRp),
B € (0,1). CVaRg builds on the Value-at-Risk at level 5 (VaRg), which is the S-quantile
of the random variable X. If X represents a loss (or cost or target violation), VaRg[X]
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is the smallest value so that losses over this value occur with probability 1 — 3. VaRg is
not convex and it does not account for size of losses. CVaRg[X]| removes those drawbacks.
CVaRg[X] is the average of the losses above VaRs scaled by 1/(1—f) and is convex. Originally
used as a risk measure in financial applications, CVaRg is now also more frequently used in
engineering applications; see, e.g., the survey paper by Rockafellar and Royset [14]. Estimating
CVaRg (and many other risk measures) requires sampling from the tail of the distribution
of the Qol and is computationally expensive. While the distribution of the uncertain system
parameters is known, the resulting Qol is a random variable that depends on the solution of the
system. Therefore, the distribution of the Qol is not explicitly known, and naive sampling from
the tail of this distribution to estimate CVaRg requires many expensive system simulations.
Each system simulation requires the expensive solution of a full-order model (FOM). In our
application, the system is modeled by a system of partial differential equations (PDEs), and
the FOM is a high-fidelity discretization of the PDEs.

This paper proposes and analyzes two ROM based approaches for the efficient and accurate
estimation of CVaRg. In our first approach we replace the FOM by a ROM, and we analyze the
resulting error in the CVaRg estimate. This error analysis depends on so-called risk regions,
small regions in parameter space that contain the parameters that lead to “risky” Qol values.
Specifically, we show that the error in the CVaRg estimate due to ROMs is upper bounded by
the ROM error in so-called e-risk regions associated with the ROMs. These e-risk regions are
derived from ROM information, contain the risk region of the FOM, and as the ROM error
goes to zero converges to the risk region of the FOM. This first approach relies on an error
bound between the ROM and the FOM, and the error needs to be sufficiently small for good
CVaRg estimates.

Our second approach uses an importance sampling framework. Here, the ROM error
bound is only used to obtain estimates of the risk region. The proposed importance sampling
framework can be effective even if the ROM error is large. ROMs are used to construct a
biasing distribution that biases samples towards the risk region. We then estimate CVaRg
from FOM samples drawn from this biasing distribution. The ROM approximation error only
impacts the quality of the biasing distribution and therefore, via its variance, the sampling
error. The smaller this variance, the fewer FOM samples are needed to generate a CVaRg
estimate at a desired tolerance. We show that asymptotically as the ROM error goes to zero,
the importance sampling estimator reduces the variance by a factor of 1 — 8 < 1, where
B € (0,1) is the quantile level at which CVaR is computed.

There are existing approaches for using ROMs in the estimation of CVaRg and other risk
measures. Variance reduction strategies (including importance sampling) for quantile (Value-
at-Risk) estimation using reduced models are considered by Cannamela, Garnier, and Iooss
[2]. Specifically, importance-sampling estimates are constructed using a biasing density from
a parametrized family of densities, and the parameters are informed through a reduced model.
In this work, we consider CVaRs (superquantiles), which are based on VaRg (quantiles), and
we analyze the impact of the ROM error on the CVaRg estimate. Harajli, Rockafellar, and
Royset [5] compute buffered failure probabilities (which are related to CVaR) via importance
sampling. However, an analytic biasing density is chosen which depends on the specific test
problem in [5]. We suggest a principled, general approach to obtain a biasing density via
reduced-order models obtained from the original governing equations. Importance sampling



CVAR ESTIMATION VIA REDUCED-ORDER MODELS 1397

via reduced models has been successfully applied in the context of computing failure probabil-
ities by Li, Li, and Xiu [8] and Peherstorfer et al. [10, 11, 12]. However, these approaches do
not directly translate to importance sampling for CVaRg estimation, the focus of our work.
The review by Hong, Hu, and Liu [6, sects. 2.1, 2.2] states asymptotic properties of CVaRg
estimation via importance sampling given a biasing density, but does not address how one can
compute a biasing density. Among other contributions, our paper proposes a construction of a
biasing density using ROMs. Zou, Kouri, and Aquino [22] estimate CVaRg by constructing a
Voronoi tessellation of the parameter space and using localized reduced-basis surrogate mod-
els. While their ROM construction is different from what we use in our example, it could, in
principle, be used as well, and their overall approach is comparable to our first approach. The
main difference between the work [22] and our work is that the ROM error in the entire pa-
rameter region is needed in [22], whereas our error estimate depends only on the ROM error in
the risk region. In addition, we introduce and analyze an importance sampling approach that
uses ROMs to construct the biasing distributions. Proper orthogonal decomposition based
ROMs have recently been used in [21] to minimize CVaRg for an aircraft noise problem mod-
eled by the Helmholtz equation. Their overall approach is comparable to our first approach,
but they do not analyze the impact of ROMs on the CVaRg estimation error. The design
of an ultrahigh-speed hydrofoil by using CVaRg optimization is considered by Royset et al.
[17]. They propose building surrogates of the CVaR of their Qol and model these surrogates
as random variables “due to unknown error in the surrogate relative to the actual value” of
the CVaR of their Qol. This randomness in the CVaR surrogate is then incorporated into the
design process by applying CVaR again, but with a different quantile level to the surrogate.
Ultimately, they use a surrogate for the Qol that combines high-fidelity and low-fidelity Qol
evalutions into a polynomial fit model. Our work does not require additional stochastic treat-
ment of model error, and focuses on the efficient and accurate sampling of CVaR using ROMs
of the Qol that satisfy the original governing equations.

This paper is structured as follows. Section 2 provides background material and notation
for CVaRg computation. In section 3 we derive error bounds for CVaRg estimation with
ROMs and give results on confidence intervals for CVaRg. Section 4 presents our results on
CVaRg estimation with importance sampling. Our two ROM approaches are illustrated on a
system of semilinear convection-diffusion-reaction PDEs in section 5. A review and discussion
is given in section 6.

2. Problem formulation and background. This section specifies our problem set-up and
reviews the results on CVaRg needed for our application of ROMs. Section 2.1 introduces the
basic problem set-up and notation, followed by a brief introduction to CVaR g and some useful
properties in section 2.2. Sample estimates of VaRg and CVaRg together with a complete
algorithm are given in section 2.3.

2.1. The state equation and quantity of interest. We consider systems modeled by
equations of the form

(2.1) F(y,§) =0,

where £ is a vector of random variables (continuous or discrete) with values in = C RM and
with probability density function (p.d.f.) p, and where y denotes the state of the system.
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Equation (2.1) is referred to as the state equation. Often the system is modeled by a system
of PDEs in which case the state equation (2.1) is a high-fidelity discretization of the PDEs.
We assume that for every realization ¢ € = there exists a unique solution y = y(¢) € RV of
(2.1). For discretized PDEs, N is typically large.

We are interested in a Qol s : RY +— R, and we assume that

£ s(y(§))

is both in L;(E) and in Lz(E). For notational convenience, we set the Qol to be the random
variable

(2.2) X =s(y())-
Following the original setting of financial applications, it is helpful to think of high values of
X as risky.

The expected value and variance of the random variable X are given by

E,[X] = / X(©)p(€)de and  V,[X] =E, [(X() - E,[X])?],

respectively. The subscript p is used to indicate which density is used in the integration.

2.2. Conditional-Value-at-Risk (CVaR). The CVaRg is based on the Value-at-Risk (VaRg).
For a given level 3 € (0,1) the VaRg[X] is the -quantile of the random variable X,

(2.3) VaR[X] = min{Pr{X < 1] > 5}.

Here
Pr[X <] = / I{X(€) < t}p(€)de,

the probability that X is less or equal than ¢ and I is the indicator function. Different
equivalent definitions of CVaRg exist. The following definition is due to Rockafellar and
Uryasev [15, 16]. The CVaRg at level 3 € (0,1) is

. 1
(2.4) CVaRg[X] = min {t + -7 E,[(X — t)+]} ,
where ()4 = max{-,0}. The minimum of (2.4) is attained on the interval [t*,¢**] with
t* = VaRg[X] and ¢ =sup{t: Pr[X <t| < p}.

Inserting t* = VaRg[X] into (2.4), one obtains

(2.5) CVaRs[X] = VaRs[X] + E, [(X — VaRg[X]) J .

b
1-5

If the cumulative distribution function (c.d.f.) Hx(xz) = Pr[X < z] is continuous at
z = VaRg[X], then Pr[X = VaRg[X]] = 0, t* = t** = VaRg[X], and (2.5) can be simplified
to

(2.6) CVaRjs[X] = 1—16 E, [X -T{X > VaRs[X]}].
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More generally, the coherent risk measure properties of CVaRg and the biconjugate represen-
tation of coherent risk measures (see, e.g., [18], [20, sect. 6.3], and [7]) give the representation

(2.7a) CVaRg[X] = supE, [9.X],
e A
where
(2.7b) A={0eLX(E) : 0<9(¢) <(1-p8)"ae E, and E, [9] =1}.
One can show [20, Example 6.16] that the supremum is attained at any 9% that satisfies
=0 if X (&) < VaRg[X],
(2.8) 0% () q €10,(1-p8)7"1 if X(§) = VaRg[X],

=(1-p)"" if X (&) > VaRg[X],

for almost all ¢ € Z, and E, [¢%] = 1. If Pr[X = VaRg[X]] = 0, 9% is unique and (2.8),
(2.7) reduce to (2.6).

The representations (2.8), (2.7), and (2.6) show that CVaRg[X] depends only on the values
of X that lie in the upper tail of the c.d.f. Therefore, the values of the parameter vector £ that
correspond to these high values of X can be considered risky. This motivates the following
definition.

Definition 2.1. The risk region corresponding to CVaRg[X] is given by
Gp[X]:={¢ | X(§) = VaRg[X]} CE
and the corresponding indicator function of the risk region Gg|X] is
(2.9) Ig,1x)(€) :=T{X () = VaRp[X]}.
Note that

Pr[Gs[X]] = Pr[{X > VaRg[X]}] + Pr[{X = VaRs[X]}]
= (1= 8) + Pr[{X = VaR[X]}]

by the definition (2.3) of VaRg[X].

(2.10)

2.3. Sampling-based estimation of VaRg and CVaRg. In practice, CVaRg[X] is esti-
mated through sampling. Throughout this paper we use - to denote a sampling-based esti-
mate. For example, mg [X] and @ﬁ [X] denote sampling-based estimates of CVaRg[X]
and VaRg[X], respectively. The procedure for computing estimates of VaRg[X] and CVaRg[X]
is described in Algorithm 2.1." We will use Algorithm 2.1 for standard MC sampling, in which
case p(™ = 1/n, or with importance sampling (see section 4), in which case p(™ = w(£(™)/n
with w being the weight function in the importance sampling. The second term on the right-
hand side in (2.12) is nonzero for the case Zfi Il pU) # 1 — B and is based on the idea of
splitting the probability atom at VaRg[X] (see [16]).

'Rockafellar and Uryasev [16] assume that samples are ordered X (¢M) < X(£?) < ... < X(¢™) with
corresponding probabilities p™, ..., p(™. Since VaRz[X] and CVaRs[X] depend only on (a few) samples with
large values, we prefer the ordering of (2.11).
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Algorithm 2.1. Sampling-based estimation of VaRg and CVaRg.

Input: Parameter samples 1), . .. £ with probabilities p(), ..., p™ risk level 8 € (0,1),
and random variable X (§).
Output: Estimate \faﬁg[X] and C/V\aRB [X].
1: Evaluate X at the parameter samples: X (¢M),... X ().
2: Sort values of X in descending order and relabel the samples so that

(2.11) X(EW) > X (@) > > X(EM),

and reorder the probabilities accordingly (so that pY) corresponds to & (j)).
3: Compute an index kg such that

kg—1 kg
Zp(]) <1-8< Zp(J)
j=1 j=1
4: Set
VaRg[X] = X (¢))
and
- 1 kg—1 1 kg—1
(2.12)  CVaRg[X] = 13 Zl pWX (W) + T3 (1 - Zl p(])>VaRﬁ[X]
J= J=

Asymptotic convergence properties of the estimators \7a\RB[X | and @B[X | are given
in the review by Hong, Hu, and Liu [6, sects. 2.1, 2.2] and we state some of these later in
Lemma 4.3 when we discuss importance sampling.

3. CVaRg estimation with reduced-order models. Recall that evaluating the Qol X (¢)
at a given parameter £ requires solving an expensive FOM. To devise our computationally
efficient framework, we assume the availability of an inexpensive ROM approximation of the
parameter to Qol map, denoted as X,.(£). For the purposes of this section, the details of how
X, (&) is computed are not important. Later, in section 5, we give an example of how X, (&)
is computed via state reduction for the convection-diffusion-reaction model problem.

Our first proposed approach, described in this section, approximates CVaRg[X]| by
CVaRg[X,]. Since ROM samples X, () are relatively inexpensive to compute, the compu-
tation of CVaRg[X,] is relatively inexpensive. Section 3.1 presents estimates of the error
between CVaRg[X] and CVaRs[X,]. Section 3.2 then states the algorithm for practical com-
putation of the ROM errors for general nonlinear systems.

3.1. Error analysis for CVaRj estimation with ROM. For the purpose of the following
derivation, assume the availability of a bound for the error between the original Qol X and
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its approximation X,

(3.1) X(©) =X ()| Se(e) for geE.

We will relax this assumption somewhat at the end of this section.
Define the maximum error in = as

(3.2) e = sup e (§)
Ee=

so that | X (§) — X, ()] < e for all £ € . Zou, Kouri, and Aquino [22] use this maximum
error and the biconjugate representation of CVaRg to derive an error estimate for CVaRg.
First, using (2.7) gives

CVaRg[X] = sup E[UX] < sup E[YX,] + sup E [J| X — X, ]
YeA deA deA
= CVaRg[X,] + sup E [9|X — X,|] < CVaRg[X,] + e
dveA

r )

where the final inequality follows from the fact that elements 9 € A are probability densities.
Similarly, CVaRg[X,] < CVaRg[X] + €"**. Thus,

(3.3) |CVaRg[X] — CVaRg[X,]| < supE [9|X — X,|] < e,
JeA

Although CVaRg[X] and CVaRg[X,]| depend only on X and X, in their respective risk
regions, the error bound (3.3) depends on the maximum error in =. In particular, if the
distributions of X and X, have identical tails but differ elsewhere in =, the actual error
|CVaRg[X] — CVaRg[X,]| will be zero, whereas the error bound in (3.3) will still be e**. It
turns out that only the error between X and X, in the so-called e-risk region, defined next,
is important.

Definition 3.1. The e-risk region corresponding to CVaRg|[X] is given by
(3.4) G3Xr] ={& + Xo(§) + & (§) > VaRg[X, — &},

and the corresponding indicator function is HG;[XT] &).

Lemma 3.2. It holds that

(3.5) Gp[X] € G3[X,] and  GpglX,] C GH[X,]

and

(3.6) €Glov — sup  €.(€) < sup (&) < sup (&) =: €Y.
£€Gp[Xy] £€GR[X]UG([X] £€GHXy]

Proof. Consider the random variables X, — ¢, and X, + ¢,. Obviously,

Xr(§) —er(§) <X (O < X (§) +e(§) VEEE,
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and, by monotonicity of VaRg (see, e.g., [13]),
VaRg[X, — €] < VaRg[X] < VaRg[ X, + €]
In particular, for £ € Gz[X] we have
VaRg[X; — €] < VaRg[X] < X(§) < X:(€) + & (),
which implies that Gg[X] C Gj[X,]. Similarly, for § € Gg[X;] we have
VaRg[X; — €] < VaRg[X,] < X;(§) < X;-(§) + & (€),

Le., that Gg[X;] C G3[X;]. Inequality (3.6) is an immediate consequence of (3.5). [ |

We can now make the opening statement of this section more precise. In particular, we
do not need the error function ¢,(¢) in all of = from (3.1), but only the error ¢& in the e-risk
region G3[X;| from (3.6).

Theorem 3.3. The error between CVaRg of the full-order model X and CVaRg of the
reduced-order model X, is bounded as
‘CVaRg[X] — CVaRg[XrH
_ (1 . sup {Pr[{X = VaRs[X]}], Pr[{X, = VaRg[XT]}]}> o

(3.7) < <1 + 1;8) ¥

If X and X, have c.d.f.’s that are continuous at VaRg|X] and at VaRg|X,|, respectively, then
(3.8) |CVaRs[X] — CVaRs[X,]| < €€

Proof. Let 9% be given by (2.8) with CVaRg[X| = supyc 4 E[0X] = E[¢% X]. Then using
the definition of V%, we see that E[0% X, ] < supyec 4 E[0X,] = CVaRs[X,], and (2.10) gives

CVaRg[X] = E[0% X] = E[0% X,] + EW0% (X — X,)]

1
< CV&R,B[XT] + ﬂ ‘X - Xr‘p(g)dé‘
GplX]
< CVaR,[X,] + 1-B8+Pr [{IX = VaR3[X]}] sup e (6).
-8 £€Gplx]
Similarly,
CVaR4[X,] < CVaRy[X] + 0+ Pr[{X, = VaRs[X,]}] sup e (£).

1-p £G4 (X, ]
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It follows that
|CVaRg[X] — CVaRg[X,]|
o) < (1 me(PeOX = VaRaLXD]. Pr[(X, = VaRs[X.}})
1-p £€Gg]
The first term on the right-hand side of (3.9) is bounded by 1+ 1/(1 — 5). If X and X,
have c.d.f’s that are continuous at VaRg[X] and VaRg[X,], respectively, then Pr[{X =

VaRg[X]}] = Pr[{X, = VaRg[X;]}] = 0, and the first term becomes one. The second
term on the right-hand side of (3.9) is bounded by €& (see (3.6)). [ ]

sup  &(§)
X]UGg[X7]

Algorithm 3.1. Sampling-based estimation of CVaRg and its errors with ROM.

Input: Parameter samples f(l), .. ,f(") with probabilities p™), ..., p(™, risk level 3, random
variable X, (§), and its error function €, (§).

~max -~G,low

Output: Estimate CVaRg[X,]| and error estimates €™, €. and €.

1: Evaluate X, and ¢, at the parameter samples: X,.(€M), ..., X,.(6M), €,(€MW), ..., e.(€™).

2: Apply steps 2, 3, and 4 of Algorithm 2.1 with X replaced by X, to obtain the index kg
and Cﬁg [X].

3: Reorder €,(€M), ..., €,(€"™) to match the order of X, (€M), ..., X,.(€™) from the previous

step.

. m G,low
4: Approximate €™ and e, "
Smax _ (7) o Gilow _ (9)
é = max € € = max € .
T 1§j§n T(g )7 T ISJSkﬁ 7"(5 )

5. Estimate \faﬁﬁ [ X, — €] by applying steps 2, 3, and 4 of Algorithm 2.1 with X replaced
by X, — €.
6: Approximate the e-risk region (3.4) by a discrete set:

G510 = {9« X,(69) + e (¢Y) 2 VaRg (X, — ]}
7. Compute

9= max ().
¢9) e Gy[X,]

Remark 3.4. The bound (3.7) uses the crude bounds Pr[{X = VaRg[X]}] < 1 and
Pr[{X, = VaRg[X,]}] < 1. This can be improved, e.g., as follows.

The VaRs[X] is monotonically increasing in 5. For any d € (0, ) such that VaRz_s[X] <
VaRs[X] < VaRg,s[X] it holds that

Pr[{X = VaRg[X]}] < Pr[{X > VaRg_5[X]} N{X < VaRg;;[X]}]
=Pr[{X > VaRg_5[X]}| — Pr[{X > VaRgs[X]}]
=1-(8-0)—(1—(B+0)) =20,
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Note that if the c.d.f. of X is continuous at VaRg[X], then VaRsz_5[X| < VaRg[X] <
VaRgys[X] for any § € (0,8). The term Pr[{X, = VaRg[X,]}| can be bounded the same

way.

3.2. Practical estimation of errors. In practice the e-risk region Gj [X,] and the errors

emax 2Glow and €C are estimated using sampling. We evaluate the ROM and the full-order

model at n random samples and compute the maximum error €"** first. With the ordered
samples of X, we obtain C/V\aRg [X,], and consequently the error ¢~ in the CVaRg[X,]
region. Next, the e-risk region Geﬁ [X,] can be computed, which is needed to compute the error
€Y. The details are given in Algorithm 3.1.

4. Importance sampling for estimation of CVaRg. In the previous section, we used a
ROM to replace the FOM in the CVaRg estimation and showed that the resulting error in
CVaRg is proportional to the ROM error in the e-risk region. Thus, this approach works
well if a ROM error estimate is available and the ROM error is sufficiently small. To relax
these conditions, we now consider an importance sampling (IS) approach to compute VaRg
and CVaRg. The ROM is used to generate a so-called biasing density from which samples are
drawn. Given this biasing density, few samples of the expensive FOM are used to estimate
VaRg and CVaRg. While our analysis of the proposed IS approach assumes availability of
ROM error bounds to estimate the risk region, our IS approach can be used with fewer
assumptions than for the approach in the previous section. Our analysis shows that the
performance of our IS approach improves as the ROM error becomes smaller, but as the
numerical results in section 5 show, it is effective even with coarse ROMs.

We begin with a brief introduction of the IS framework in section 4.1. Section 4.2 derives
the optimal IS density for CVaRg estimation. This optimal IS density itself is impractical,
since it relies on evaluations of the expensive FOM. Therefore, we propose an IS density in
section 4.3 that uses the previously introduced e-risk region and, hence, only uses inexpensive
evaluations of the ROM. The details of our implementation of the proposed IS approach are
provided in section 4.4.

4.1. Importance sampling framework. IS estimators use samples from a biasing distri-
bution (a distribution that is biased towards a specific event, e.g., the risk region) to estimate
statistics of the quantity of interest. The estimator accounts for the increased occurrence
of such events by including reweighting to compensate within the sampling estimate. For a
general introduction to importance sampling, see, e.g., Owen [9, sect. 9]. Mathematically, IS
amounts to changing the density, and the following results are stated to allow such a change.

Recall that p is the density of the random variable £. Define the support supp(p) = {{ €
= | p(&) > 0}. Let ¢ be another density with supp(p) C supp(p). For any integrable function
g : = — R we have

E,lg] = / 9(€) p(€) dé = / 9(E)w(€) (&) de = E,[gu],

where w := p/¢ is the so-called likelihood ratio, or IS weight function. The subscript ¢ in E,
and V,, indicates that the integrals in the definition of expectation and variance are computed
with the density ¢.
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To derive the IS method for CVaR g estimation, we make the following assumption through-
out this section.

Assumption 4.1. The c.d.f. Hy(xz) = Pr[X < z] is continuous at z = VaRg[X].
Under this assumption, Pr[X = VaRs[X]] = 0 and

1
1-8J=

(see (2.6) and (2.9)). We note that the assumptions made in Hong, Hu, and Liu [6] to prove
asymptotic properties of CVaRg imply continuity of the c.d.f. Hx(x) at * = VaRg[X]. We
emphasize that while this continuity condition is needed to construct the proposed biasing
distribution, our IS procedure can be applied even if this assumption does not hold.

We perform a change of measure from the nominal density p to the biasing density ¢ in
(4.1) and account for the change by reweighting to obtain

(4.1) CVaRs[X] = X (&) Lg,x)(€)p(§)dE

CVaR,[X] = 1:3 /_ I, 11 () X (€)p(€)de
— 5 [ Lem@X©u©p(ede,
where

(12 we) = 2

is the weight and = is the support of the new density ¢, to be defined later. Recall that ¢
does not need to be positive everywhere; it is sufficient (see, e.g., [9, Chapter 9]) that

w(&) >0 for & € Gg[X].

Thus we make the following assumption throughout this section.

Assumption 4.2. The support = of the biasing density ¢ satisfies
(4.3) Gg[X] C Z.

The IS estimates \7a\R/IBS [X] and C/Va\R}gS [X] are again computed by Algorithm 2.1, but now

we draw independent samples & @, ... ¥ (") from the biasing distribution ¢, evaluate X (& (j)),
j=1,...,n, and define probabilities p') = w(¢U))/n, j =1,...,n. These are now the inputs
into Algorithm 2.1 when IS is used.

To justify our choice of the biasing density ¢ that we will introduce in section 4.3, and
to analyze the asymptotic properties of the resulting estimates VaR};S [X] and CVaRgS [X], we
need the following result adapted from [6, sect. 2.2]. Recall that E,[-] and V,[-]| denote
expected value and variance under the measure p(£)d¢. In the following result “=" denotes
convergence in distribution, and N(0, 1) stands for the standard normal distribution.
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Lemma 4.3. If there exists a 6 > 0 and C' > 0 such that X has a positive and continuously
differentiable density hx (x) for all x € (VaRg[X]—0, VaRg[X]+6), and if the weight function

satisfies w(§) < C for all § € {£]X(§) € (VaRg[X] — §,00)}, then @éS[X] — VaRg[X]
w.p. 1 as n — oo and

1/2
(Vollg, ) ()e()])
hx (VaRs[X])

N (mgm - VaR@[X]) = N(0,1).

If, in addition, E,[(X(-) — VaRﬁ[X])iwz(-)] < 00, then ﬁfa\RéS[X] — CVaRg[X] w.p. 1 as
n — oo and

(Volx() — VaRsx)), wi()))

- N(0,1).

44)  n (m;;m - (JVaRB[X]) =

Remark 4.4. Asymptotic results for the standard Monte Carlo estimates, denoted
by VaRg/IC [X] and CVaRg/IC[X | and computed by Algorithm 2.1 with independent samples
€ .. €™ from the nominal distribution p and equal probabilities pl) = 1/n,j7=1,...,n,
are a special case of Lemma 4.3 with w = 1.

The goal of IS is to compute a biasing density ¢ such that the variance of the estimator is

small. We are not aware of an expression for the variance of (ﬁf\aR/IBS [X] for fixed n. Therefore,
we use the asymptotic result (4.4) and use

Ve (X () — VaRg[X])  w()]
n(l—pB)?

(4.5)

as the “variance” of m}; [X] for fixed n.

4.2. Deriving the optimal biasing distribution. Before we construct the proposed biasing
density ¢, we first compute the optimal biasing density, i.e., the biasing density that gives
an estimator CVaR};S [X] with zero variance in (4.5). Although this optimal biasing density
is usually impractical (it depends on the quantities to be estimated), it guides us in the
construction of a computable biasing density.

Theorem 4.5. The biasing density resulting in zero variance in (4.5) is given by

o Taym(© (X(6) — VaRs[X)) p(6)
0 P8 = 0= 5) (CVaRs [X] = VaR[X])
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Proof. We begin by analyzing the variance term in (4.5), which gives

Vo [(X() — VaRg[X]), w(-)]

= B, [(X() ~ VaRs[X]12 w?()] — (E, [(X() ~ VaRg[X]), w()])”
-/ ((X(S) - VZZB)[XM p<§>>2 e ( [ (X(¢) - vzz[;[xm G d§>2
)
-/ (ley(©) (X@L;{)V&Rﬂ D) o6 p(€)dE ( [ 1o, (X(©) = VaRs[x) p(&)ds) 2
)
-/ (lop© (X@L&;/aRB D) o p(€)de — ( [ 16,10 (X(€) = VaRs[x) p(ﬁ)d€> 2
(e, x)(6) (X(©) — VaRs[X])) (e

p(€)ds — (1 — B)* (CVaRg[X] — VaRg[X])?,

where the last identity follows from (4.1) and (2.10) with Pr[X = VaRg[X]] = 0. The
change from = to = in the second-to-last inequality is justified, since for £ € =N (é)C we have
Ig,x) (&) =0 (see (4.3)), while for £ € =N (2)¢ we have that p(§) = 0.

Now, define

U(€) = Ig,x)(€) (X (&) — VaRg[X]) p(§) — (1 — B) (CVaRs[X] — VaRp[X]) ¢(¢).

Using the definition of U and the same arguments as above, we obtain
U()?
/é p(£) “
2
 (Tem(© (X(9) = VaRs[X]) p(9))
B /f (&)
=21~ B) (CVaR[X] — VaRy[X]) [ (X(€) - VaRs[X), p()d¢

dg

[1

+ (1= B (CVaRs[X] ~ VaRy[X])? [ o(e)ae

(Te, 0 (€) (X(6) ~ VaRs[X)) " p(6) 2 2
-/ p(E)dE — (1 - §)° (CVaR[X] — VaRs[X])?,

¢(§)

which shows that

1]

2
VAICXC) — VaRs[X) w()] = [ (ﬁ?}) d.

The density ¢ = ¢* in (4.6) gives U = 0. [ |
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4.3. Using a ROM to generate the biasing density. The optimal density ¢* depends
on quantities CVaRg[X] and VaRg[X]| that we want to estimate; it requires knowledge of the
true risk region Gg[X|, and it requires evaluating X. Thus it is impractical to use; see also [9].
However, it guides us in the construction of a feasible biasing density, as described next. The
optimal biasing density (4.6) motivates the initial choice

I
(47) p(§) = W.

(Note that Pr[Gg[X]] = 1 — 8 under our assumption that the c.d.f. Hx(x) = Pr[X < z] is
continuous at x = VaRg[X].) This choice (4.7) is obtained from the optimal density (4.6)
by dropping CVaRg[X], VaRg[X], and X. This biasing density has the same support as the
optimal one, i.e., supp(¢*) = supp(¢). However, (4.7) still depends on the risk region of the
expensive X. Therefore, we use a ROM and the e-risk region (3.4) to construct our biasing
density

Ty x,1(6) P(6)
(18) o0 = e

Since Gg[X] C G[X,], the support 2= G5[X,] of this density satisfies (4.3). A crucial advan-
tage of (4.8) over (4.6) or (4.7) is that its construction requires only inexpensive evaluations

of the ROM.
With the density ¢ in (4.8), the weight function (4.2) is given by

_Pr [G%[XTH
(4.9) w(é) = Igg1x,1(6) '

Samples ¢ from the biasing distribution ¢ in (4.8) satisfy { € G3[X,]. Therefore, w in (4.9) is
well-defined. Furthermore, for these samples,

1— 8 < w(e) = PG5, ]] < L.

Note that the smaller the ROM error ,, the closer w({) = Pr[Gj3[X,]] to Pr[Gs[X]| =1 - 5.

The goal of IS is that the IS estimator has much lower variance than a standard Monte
Carlo estimator (obtained from (4.5) with w = 1). We show next that our proposed density
indeed reduces the variance in (4.5), and that the variance reduction is proportional to the
size of the e-risk region.

Theorem 4.6. The variance (4.5) corresponding to the C/Va\RéS[X] estimator with density
(4.8) is reduced by a factor of at least Pr[GH[X,]] compared to the standard Monte Carlo

estimator mg“[)(] (obtained from (4.5) with w = 1) with original density p, i.e.,

Vo [Ig,1x) (1) (X(-) = VaRs[X]) w(-)]
V, [Tg,x) () (X(-) = VaRg[X]) ]

< Pr[G§[X,]].
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Proof. Using the definition of the variance V,, and the definitions (4.2), (4.9) of the weight,
Vi [Te, () (X () = VaRg[X]) w(-)]
= E, [T, () (X() = VaRs[X])* w?()] = (E, [To, () (X(-) = VaRs[X]) ()] )
= B, [Lo,x)() (X() = VaRo[X] w()] — (B, [Lo,x)() (X() ~ VaRs[x])])’

G5IX] By [Te () (X() — VaRSIX)? ] — (B [Te,px)() (X() — VaRs[X])])”
G5lX,1] Vi [Tg, () (X () — VaRg[X])?]
[
)

2

< Pr

Thus, dividing the variance term gives the stated result. |

4.4. Implementation details of the IS approach. To execute our IS approach, we need
to be able to sample from the distribution with density (4.8). Although (4.8) only involves
an inexpensive ROM, sampling from the distribution with density (4.8) is still impossible
to do exactly. There are several options including estimating the e-risk region and then
using acceptance-rejection sampling, or estimating the e-risk region and then approximat-
ing (4.8) using a Gaussian mixture model or kernel density estimation. We have applied both
acceptance-rejection sampling and a Gaussian mixture model and found that in our numerical
example, where the original density p is constant, acceptance-rejection sampling performed
better. Therefore, we describe acceptance-rejection sampling here. Our approach of approxi-
mating (4.8) using a Gaussian mixture model and corresponding numerical results is given in
the supplementary materials; see supplementary section SM2.

First, we approximate the e-risk region G3[X,] == {{ : X;(§) +€-(§) > VaRg[X, — €]} by
taking m samples of the ROM. Next, we employ the acceptance-rejection sampling strategy
to generate samples from density (4.8).

The acceptance-rejection algorithm for continuous random variables generates samples
from a desired distribution ¢ given an easy-to-sample distribution p (see, e.g., [9, section
4.7]). The acceptance-rejection algorithm assumes the existence of C' > 0 with ¢(&)/p(&) < C
for all £ € Z. In our case

(&) _ Topix,) ©)
p(§)  PrGgIX ]

and the previous assumption is satisfied with C' = (Pr[G%[XT]])fl. Then the standard
acceptance-rejection algorithm generates a candidate sample &€ from p and a sample u from
the uniform distribution U (0, 1), and accepts the sample £¢ if

ws S8 Loy €9

Thus, in order to accept the sample we just need to check that it belongs to G% [X,], which
can be done by evaluating the ROM X, and its error function €, at &°.
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The ROM-based acceptance-rejection method to generate the samples from a distribution
with density (4.8) is given in Algorithm 4.1. Finally, the proposed approach to compute
CVaRg via IS is summarized in Algorithm 4.2.

Algorithm 4.1. Acceptance-rejection sampling using surrogate model.

Input: Surrogate model Qol X, with error function €,, risk level g € (0,1),
nominal distribution p, # of samples m to estimate G [X,], and desired # of samples n.
Output: n samples from (4.8) and an estimate of Pr[G3[.X,]].
1: Sample m inputs {1, ... (™} from the nominal distribution p(¢) with equal probabil-
ities pU) = 1/m.

2. Compute ROM Qol values X,.(¢€M),..., X,.(€(™).

3: Compute ROM error function values €,(€(M), ... e.(£0™).

4: Apply steps 2, 3, and 4 of Algorithm 2.1 with X replaced by X, —e¢, to obtain \TaR\g[XT—eT].
5. Estimate e-risk region @Z%\[XT] = {£0) :/\Xr(é(j)) + 6.(£9)) > @B[Xr — €]}

6: Estimate Pr[G§[X,]] as Pr[G3[X,]] = [G§[X,]|/m, where |-| denotes cardinality of a set.
7. Set ng, = 0 (counter of accepted samples), n. = 0 (counter of candidate samples).

8: while n, <n do

9:  Generate candidate sample £¢ from p(¢&).

10:  Compute ROM Qol value X, (£¢).

11:  Compute ROM error function value €,(£°).

12 if X,(€9) + (£ > VaRg[X, — ¢,] then

13: Accept sample £, set n, = ng + 1.

14:  end if

15:  Set n, =n.+ 1.

16: end while

Algorithm 4.2. Estimating CVaRg using importance sampling with ROM.

Input: FOM Qol X, ROM Qol X, with error function e,, risk level g € (0, 1),
nominal distribution p, # of evaluations m of the ROM X,, and n of the FOM X.
Output: Importance sampling estimate CVaRIﬂS [X].
1: Apply the acceptance-rejection Algorithm 4.1 to generate n samples from the biasing
density (4.8) and obtain the estimate f’\r[Geﬁ[Xr]] of Pr[Gj[X.]].
2: Compute FOM outputs X (€M), ..., X ().
3: Assign values of weight function w = p/@: w(€W), ... w(E™) = f’\r[G% [ X7 ]]-

4: Apply Algorithm 2.1 with X (£9)), p) = w(¢U))/n, j =1,...,n, to obtain C/VE{/IBS[X].

In Algorithm 4.1, n. is used to keep track of the number of candidate samples generated
from p. The probability that a candidate sample is accepted is 1/C" = Pr[GH[X,]]; see [9,
Theorem 4.2]. Thus the ratio of the number n of accepted samples to the number n. of
candidate samples is n/n. ~ Pr[G3[X,]] for large sample sizes. Thus, using f’\r[Geﬁ [X;]] from



CVAR ESTIMATION VIA REDUCED-ORDER MODELS 1411

line 6 of Algorithm 4.1, we estimate the number of candidate samples needed as
ne & n/Pr(GHIX,]].

The total cost of generating n biased samples is approximately

n

1-p

(4.10) m +n/Pr(G4[X,]] < m +n/Pr(GsX,]] = m +

ROM evaluations.

5. Numerical results. We present numerical results for our approach for estimating CVaRg
using ROMs. Section 5.1 introduces the PDE model, followed by a detailed description of its
discretization and reduced-order modeling in section 5.2. The numerical results are presented
and discussed in sections 5.3 and 5.4.

5.1. Convection-diffusion-reaction PDE model. We consider a simplified model of a
premixed combustion flame at constant and uniform pressure, and follow the notation and set
up in [1, sect. 3]. The model includes a one-step reaction of the species

2Hy + Oy — 2H50

in the presence of an additional nonreactive species, nitrogen. The state is comprised of the
components y = [T, Yr, Yo, Yp], with the Y; being the mass fractions of the species fuel (F,
here Hs), oxidizer (O, here O3), product (P, here H,0), and T denoting the temperature.
The physical combustor domain is 1.8 cm in length and 0.9 cm in height. Thus Q = (0, 1.8) x
(0,0.9). Dirichlet boundary conditions are specified on the left boundary I'p = {0} x [0,0.9],
and homogeneous Neumann boundary conditions are specified in the top, bottom, and right
boundary I'y = 902 \ I'p. The velocity field U is set to be constant in the z; direction and
divergence free. The molecular diffusivity x is modeled as constant, equal, and uniform for all
species and temperatures. Constants in the nonlinear reaction term are random variables with
values in 2. For a given £ € = the state equation is the system of diffusion-advection-reaction
PDEs,

(5.1a) 0 = rAy(xz) — U(z)Vy(z) + N(y(z),§), x €9,
(5'1b) y('r)’FD - yD(iU), z €I'p,
(5.1¢) Vy(z) -n =0, xeln.

The left boundary I'p is divided into three equal parts. The bottom and top third of the
left boundary are held at T' = 300 K while the mass fractions are prescribed as zero Dirichlet
conditions. The middle third of the left boundary is the inflow boundary, where the incom-
ing unburned mixture has temperature 7' = 950 K and mass fractions Yy, = 0.0282,Yp, =
0.2259, Y,0 = 0. The nonlinear reaction term N (y, &) = [Ny, Nr, No, Np](y,§) is of Arrhe-
nius type and modeled as

ey (W) (PYENT (Yo BN
(5.2a) Ni(y,&) = VZ(p)(Wp) (WO> Aexp( RT)’ 1=FO0,P,
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Table 5.1
Parameters for the PDE model (5.1)—(5.2) from [1].

Parameter | Physical meaning Value

K molecular diffusivity | 2cm?/s
U velocity 50 cm/s

W, molecular weight 2.016 g/mol

Wo, molecular weight 31.9g/mol

Wh,0 molecular weight 18 g/mol
p density of mixture 1.39 x 1073 g/cm?
R univ. gas constant 8.314 Jmol /K
Q heat of reaction 9800 K

The uncertain parameters of the model are considered to be
¢=[4,B),
with values in the parameter domain
(5.3)  Z = [Amins Amax] X [Fmin, Pmax] = [5.5 x 101, 1.5 x 10"3] x [1.5 x 10, 9.5 x 10°].

The random variable & is uniformly distributed, i.e., p is constant. The other parameters
are defined in Table 5.1. For a schematic of the domain and boundary conditions, as well as
typical solution behavior, we refer the reader to [1, sect. IV.A].

5.2. Discretization and reduced-order models. This section discuses the discretization
of the PDE (5.1), which is our FOM, the Qol, and the computation of ROMs.

5.2.1. Full-order model. The PDE model is discretized using a finite difference approxi-
mation in two spatial dimensions, with a 72 x 36 grid, leading to N = 10,804 unknowns in the
discretized model. Let y be the vector with components corresponding to the approximations
of the state y at the grid points. The resulting nonlinear system becomes

(5-4) 0 =Ky + N(y;9),

with boundary conditions as described above. Here, K € RY*¥ is the discretized represen-
tation of the derivative operators. The nonlinear system is solved with Newton’s method.
Let T(-) € RV /4 be the vector with components corresponding to the approximations of the
temperature T'(z,-) at the grid points. Given the uncertainty in the input parameters, the
Qol is the random variable

(5.5) X:Z2=R,  X(€) =exp <”T(£)”°° - 2000).

100

This nondimensionalized Qol represents a penalty on temperatures exceeding 2000 K, such as
might be imposed when there is a design target but not a hard constraint. For this example,
the maximum temperature is between 1122 K and 2435 K, and therefore, the Qol is between
1.5x107% and 7.8 x 10!. The maximum temperature || T(¢)| s and the Qol X (£) at parameters
in = are shown in Figure 5.1.
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Figure 5.1. Mazimum temperature | T(§)||cc in K and the QoI X(§) for € = (A, E) € E, computed using
the FOM.
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Figure 5.2. The c.d.f. of the quantity of interest (5.5) evaluated with n = 10* samples of the FOM, together
with the values of VaRg[X| and CVaRg[X] for = 0.95.

The c.d.f. of the Qol, together with VaRsz[X] and CVaRg[X] for 8 = 0.95, are shown in
Figure 5.2. These quantities are estimated with 10* samples of the FOM and are included for
illustration only. Here, VaRg[X] = 43.92 and CVaRg[X| = 53.94.

Figure 5.2 and CVaRg[X] are generated from a large number of FOM samples for illus-
tration only. The goal of this paper is to show that CVaRg[X] can be estimated with far
fewer FOM evaluations using ROMs. Next we describe how these ROMs are computed for
this example.

5.2.2. Reduced-order models. We use Proper Orthogonal Decomposition (POD) to com-
pute ROMs of the form
0= K?"Yr +NT(YT; 6)7

where the subscript r is a label of the ROM. Here, K, = VTTKVT, y ~ V,y,, and we also
project the boundary conditions. The projection matrix V,, € RV*Nr ' N, « N, is computed
via singular value decomposition of snapshot data Y = [y(¢W), ..., y(£®))] € RN*S| where
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S = 100 snapshots were generated from solutions of (5.4) at 10 x 10 equally spaced values
A and F in =. Since the nonlinearity is of exponential type, we use the Discrete Empirical
Interpolation Method (DEIM) [3] for an efficient evaluation of the nonlinear term. Four
different surrogate models are built from r = 1,2, 3,4 POD basis vectors and the same number
of DEIM selection points, respectively. A detailed description of the model reduction for this
example is given in [1]. The surrogate models then define a new random variable for the
(nondimensional) quantity of interest, namely

X :Eo R X = e <!!Tr<£>uoo - 200())7

100

where T(&) is the first block of length N/4 in V,.y,.

Estimates of the errors €,(§) in the Qol for the four ROMs are shown in Figure 5.3 (note
the different error-bar magnitudes). To generate these plots, we compute €,(§) exactly for
parameter values £ on the 10 x 10 parameter grid used to generate the ROMs, and then
linearly interpolate between these values. Figure 5.3 shows that the maximum errors vary
significantly for these four ROMs. In particular, the error in ROM 1 is huge relative to the
size of the Qol X; see Figures 5.1 and 5.3a. This is due to the structure of the Qol (5.5). In our
case, the ROM maximum temperature exceeds the FOM maximum temperature || T(£)]| in
the bottom right corner of the parameter domain, where | T({)|/c > 2000 K. This difference
is magnified by the exponential function. For example, if the FOM [|T(&)|c = 2400K and
the ROM approximation exceeds this value by only 10%, then X, (¢) = €54 ~ 601.9 exceeds
X (&) = e* = 54.6 by a factor of 11.

5.3. Estimating CVaRg by sampling from ROMs. Following our algorithm and error
analysis in section 3, we use the ROMs X, with » = 1,2,3,4 basis functions to estimate
CVaRg[X,| with § = 0.95. Section 5.3.1 presents the computed risk regions for the FOM and
the ROM. Section 5.3.2 computes further ROM errors that occur in the bound for the CVaRg
approximation. Section 5.3.3 then presents the results for CVaRg estimation.

5.3.1. Risk regions of FOM and ROM. Estimates of the FOM risk region, of the ROM
risk regions, and of the e-risk regions are shown in Figure 5.4. These regions are computed
using five independent batches of 104 samples of the parameters A and E—one batch for the
FOM and one batch for each ROM. In every case the ROM risk region is in the bottom right
part of the domain =. However, the sizes of the ROM risk regions vary. A sufficiently accurate
ROM always gives a good approximation of the true risk region, as is the case with the finest
ROM r = 4. As expected from Lemma 3.2, the estimated e-risk regions G§ [X,] contain the
estimated FOM risk region @[X | and shrink as the ROM becomes more accurate. Again,
note that the large number of samples (n = 10*) of the FOM is used only for illustration
of the FOM risk region and the error estimates derived in this paper. However, these FOM
samples are not used in our ROM or ROM-IS approach to estimate CVaRg.

5.3.2. ROM errors in risk-regions. Table 5.2 shows the estimate of the error € between
the FOM and the ROMs in all of = (see (3.2)), the error oW petween the FOM and the
ROM in the ROM risk region G4[X,] (see (3.6)), and the error €& between the FOM and the

ROM in the e-risk region @%[Xr] (see (3.6)). To compute these estimates we use the linear



CVAR ESTIMATION VIA REDUCED-ORDER MODELS 1415

9500 800 9500 25
700
20
7500 600 7500
500 15
w 5500 400 W 5500
300 10
3500 200 3500
100
1500 1500

(6]

1 3 5 7 9 11 13 15 1 3 5 7 9 11 13 15
A x10 12 A x10 12
(a) Error of ROM 1, € (&). (b) Error of ROM 2, €2(§).
9500 9 9500
8 0.9
7500 7 —_— 08
6 0.7
" 0.6
LW 5500 , 8500 05
0.4
. 0.3
3500 5 3500 ’
0.2
1 0.1
1500 1500
1 3 5 7 9 11 13 15 1 3 5 g 9 11 13 15
A x10'2 A x10 12
(¢) Error of ROM 3, €3(¢). (d) Error of ROM 4, €4(§).

Figure 5.3. Absolute errors between the Qol X (5.5) and the ROMs X, forr = 1,2,3,4. Note the different
magnitudes of the error bars.

interpolant of the error function ¢,(¢) displayed in Figure 5.3, evaluate it at the same 10*
random parameter values that were used to obtain the risk regions, and compute errors as
in Algorithm 3.1. In this example, the maximum errors occur in the risk region (compare
columns two and four of Table 5.2).

5.3.3. CVaRg estimates with ROM and FOM. Table 5.3 shows the CVaRg estimates
with 8 = 0.95 for the FOM and the ROMs. These estimates were obtained using Algorithm
2.1 with the n = 10* samples shown in Figure 5.4a (for FOM) and in Figures 5.4b-5.4e
(for ROMs). We denote these CVaRg estimates by C/VE{%/IC to distinguish them from the
estimates obtained with IS in the next section. The third column shows the radius of the
95% confidence interval of the respective estimate. We give more details on this computation
below. The radius of the 95% confidence interval is a measure of the error between the MC
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Figure 5.4. Top row: Estimated FOM risk region @3 [X]. Middle row: Estimated ROM risk regions @[XT],
r=1,2,3,4. Bottom row: Estimated e-risk regions G§ [Xr] of ROMsr =1,2,3,4. In all plots B = 0.95; samples
in the risk regions are shown as yellow stars, all other samples as blue circles.

Table 5.2
Estimates of errors between the FOM and the ROMs. The mazimum error over the entire parameter
domain is €, the mazimum error in the ROM risk region Gg[X,] is given by eSv and the mazimum error

in the e-risk region @%[XT] is €C.

ROM, r | @m | gfhlow &’
1 776.00 | 776.00 | 776.00
2 24.47 | 2447 | 2447
3 9.04 | 872 | 9.04
4 0.96 | 0.96 | 0.96

estimate C/Va\Rg/IC and the true CVaRg for the given FOM Qol or ROM Qol. The last two

columns of Table 5.3 compare (mg/{c [X,] with CV/a\RgAC [X].
Tables 5.2 and 5.3 show that

CVaRYC[X] - CVaRYC[X,] | <€
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Table 5.3
Estimates of CVaRg with 8 = 0.95 for FOM and ROMs r = 1,2,3,4 (estimated with 10* MC samples and

Algorithm 2.1). Absolute and relative errors are computed with respect to the FOM estimate ﬁ/ﬁ%ﬁ{cm =
53.94.

CVaR}'© | CIradius | Abs error | Rel error (%)
FOM 53.94 1.09 — —
ROM 1 361.40 17.89 307.47 570.05
ROM 2 44.80 0.46 9.14 16.94
ROM 3 49.91 0.92 4.02 7.46
ROM 4 53.87 1.04 0.07 0.13

in this example. In general, this error depends on the bound (3.8) (Figure 5.2 indicates that
the c.d.f.’s of X and X, are continuous) as well as on the MC sampling error.

Note that the CV/a\RMC[ X] estimate, computed with 10* expensive FOM samples, can
be approximated with hlgh accuracy using ROMs that only require 100 FOM evaluations to
generate the ROM. In particular, the estimate CVaRMC [X3] obtained with the second best
ROM has an absolute error 4.02 that is close to the CI Wldth 1.09 of the FOM MC estimator.
The estimate CVaRgdC[X4], obtained with the best ROM, happens to have an absolute error
that is even below the confidence interval (CI) width 1.09 of the FOM MC estimator. Thus,
in this instance, a good ROM can reduce the number of FOM evaluations by a factor of 100.
Of course, how much the number/of\ FOM evaluations is reduced depends on the details of
the comparison. For example, if CVaRIgIC [X] is estimated using 10® expensive FOM samples,
then the CI radius of this FOM estimate is 3.5. In this case the number of FOM evaluations
is only reduced by a factor of 10, but ROM 4 gives a better estimate (smaller error with
respect to the FOM estimate with 10* samples, and small CI radius of 1.04). Overall, a FOM
estimate of CVaRg[X] with fewer samples increases the CI radius. Good ROMs can be used
to generate good CVaRg[X] estimates with high confidence.

The confidence interval is derived from the asymptotic results in [6, sects. 2.1, 2.2] (see
also Lemma 4.3). Specifically, the 100(1 — a))% CI for CVaRg[X] is

CVapMC K§ e mMO Kp
(56) [CV&RB [X] — Za%, CVaRﬁ [X] + Za\/ﬁ:| y

where z, = ®71(1 — a/2) with ® being the c.d.f. of the standard normal variable, and %5 =
¥p/(1 = B) with

%ZH@[X] (69 (x(£9) - @ycm)?w(gm)z
j=1
(5.7) Z]I(Gﬂ[ (€D) <X(§(j))_@%/10[)q>w(€(j))

L 1 X = Ry
Gﬂ[X](g)_ 0 else,
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and w(¢) = 1.? The confidence intervals for CVaRs[X,] of ROMs r = 1,2, 3,4 are constructed
in a similar manner. The third column of Table 5.3 reports the radius (half the width) of the
corresponding CI with z, = 1.96, which gives a 95% CI.

Note that (121\5)2 is an estimate for the variance V, [(X(-) — VaRg[X])+] which appears in

Lemma 4.3 and [6, eq. (8)]. We do not have a proof of consistency of 13, which is beyond
the scope of this paper, but refer the reader to the discussion of a similar result regarding the
consistency of an estimator of variance for VaRg, which can be found in [4].

5.4. Estimating CVaRg via ROM-informed importance sampling. Next, we use impor-
tance sampling to estimate CVaRg[X]. Section 5.4.1 shows the computed estimates. By using
IS, we reduce the variance of the estimator compared to a standard MC estimator. We discuss
variance reduction for this example in section 5.4.2 and show its alignment with the theoretical
results.

5.4.1. Importance sampling estimates of CVaRg. We generate IS samples from the
biasing densities as in section 4.4. Since we consider multiple ROMs, we label ¢, as the biasing
density corresponding to ROM X,.. The estimates CVaRIS[ X| with densities ¢,, r = 1,2, 3,4,
are reported in Table 5.4. The estimates are obtained using Algorithm 4.2 with m = 10*
ROM evaluations to explore the risk regions. We use n, = n/Pr[GfB [X,]] <n/0.05=2-103
ROM evaluations in the acceptance-rejection step to get n = 100 samples (see (4.10)). Only
n = 100 FOM evaluations are used to construct the IS estimates. The reference value is
CVaRrBef = CVaR},}/IC[X ] = 53.94 from 10* samples as reported in Table 5.3. We define the

95% Cls as in (5.6) with C/Vﬁ{g/lc[X] substituted by mg [X], w given by the IS weight, and
Zo = 1.96. The reported results are averaged over K = 100 independent trials. The presented
CVaRp estimates are the average values over these trials; similarly the radii of the Cls, and
the absolute and relative errors are the average values of respective quantities computed for
each independent trial. The mean absolute error (MAE) and mean relative error (MRE) are
computed as

MAE
CVI{ [X]— CVaRF'[X]|, MRE= ——— ——— x 100,

5.8 MAE_
(58) meymH

where C/V\aRIﬂS(k) [X] is the estimate obtained on kth trial, and K = 100 is the number of trials.
As can be seen from Table 5.4, the absolute errors of the averaged estimates are smaller than
the presented mean absolute errors. Additionally, we compute the mean-squared error (MSE)
of each estimate as follows:

(k) ?
(5.9) MSE = §:<CVI¥S []—(R@Rgim)
k=1

Table 5.3 showed that coarse ROMs lead to CVaRg estimates with larger errors when
substituted for the FOM (as is expected from our theory). However, Table 5.4 shows that
ROMs can be used to build effective biasing densities. For example, the absolute errors for

2We include w here because (5.7) will be used in the next section with nonconstant IS weight function.
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Table 5.4
Estimates C’/Va\RéS[X] with B = 0.95 obtained using Algorithm 4.2 with reduced-order models X,, r =
1,2,3,4. Here m = 10* ROM samples are used to identify the e-risk region, and the IS estimator uses n = 100
samples. Absolute and relative errors are computed with respect to the FOM estimate from Table 5.3. All values
are averaged over K = 100 trials.

Av CVaRS[X] | Av CI radius | MAE (5.8) | MRE (%) (5.8) | MSE (5.9)
IS 1 54.02 5.19 1.99 3.70 6.44
IS 2 54.39 4.26 1.59 2.96 4.22
IS 3 53.74 2.89 1.20 2.23 2.17
IS 4 53.94 1.61 0.66 1.22 0.65

C/V\aRgIC[XT] with ROMs 1-3 in Table 5.3 are substantially larger than for the importance
sampling estimate C/Va\RIBS [X] that used ROMs 1-3 to compute biasing densities; see Table 5.4.
Table 5.5

Estimated variance reduction (4.6) computed with 100 samples for IS densities r = 1,2,3,4. The rightmost
column reports estimated probability of G5[X].

V,[CVaRE[X])/V,[CVaRYC[X]] | Pr[G5[X,]]
IS1 0.2258 0.2463
IS 2 0.1519 0.1771
IS 3 0.0691 0.0967
IS 4 0.0214 0.0519

5.4.2. Variance reduction via IS. Table 5.5 reports the estimated reduction in variance
of IS estimators of CVaR g compared to MC estimators, as well as the computed upper bound.

The variances of C/Vﬁ{glc [X] and (m/lgs [X] are estimated using 100 samples from p and
©, respectively, and are averaged over 100 trials. The second column of Table 5.5 shows the
resulting ratios. The relative sizes of the erisk regions, Pr(G§[X,]], are estimated using the
ROM samples as described in Algorithm 4.1 and are reported in the third column of Table 5.5.
Theorem 4.6 shows that the density (4.8) leads to a reduction of the variance from (4.5) by a
factor of Pr(Gg[X,]]. The observed variance reduction in Table 5.5 is in agreement with the
theoretical estimate from Theorem 4.6. Observe that as the ROMs become more accurate,
e — 0, and Pr[G3[X,]] - 1 — 3 = 0.05. Moreover, note that using ROM 4 results in a
variance reduction by a factor of 1/0.0214 ~ 47, which shows the strength of the IS approach.

5.5. Benefits of using ROMs—computational budget comparisons. Since the ROM con-
struction requires FOM evaluations, the question is, would we be better off using MC or IS
with only the FOM? This sections shows that, in general, the answer is no, it is better to use
some FOM evaluati@ﬂo construct a ROM and then use inexpensive ROM evaluations.

Computing the CVaRgIC[XT] estimates in Table 5.3 required an initial 100 FOM samples to
train the ROMs, but aft(ﬂr/v_vgds no additional FOM evaluations were needed. In comparison,
computing the estimate CVaRIBS also required 100 FOM samples to train the ROMs, and then
another n = 100 FOM samples to sample from the biasing density. (In practice one would not
average over many runs, so we do not count the cost of those repetitions.) We next compare
the ROM and ROM-IS estimators to an estimator that uses 200 FOM samples to directly
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estimate CVaRg.

Table 5.6 reports the CVaRg estimate obtained using only FOM evaluations. The MC
estimate with 200 samples (MC 200 in Table 5.6) is at best as good as IS 1 from Table 5.4
with respect to MSE, MAE, etc. Therefore, the proposed strategy that includes ROMs to get
a biasing distribution is more accurate and computationally efficient.

Table 5.6
Estimates C/’Va\R?{Ic[X] with 8 = 0.95 obtained using n = 100 (MC 100) and n = 200 (MC 200) samples.
The estimate méS[X] (IS FOM) also uses n = 200 samples, namely 100 samples to build the biasing
distribution with the FOM by fitting a Gaussian mizture model (see supplementary section SM2) and then 100
IS samples. All values are averaged over K = 100 trials.

Av CVaRs[X] | Av CI radius | MAE (5.8) | MRE (%) (5.8) | MSE (5.9)
MC 100 52.78 10.45 114 7.63 2711
MC 200 53.39 7.52 3.66 6.78 20.31
IS FOM 57.29 0.02 28.12 52.13 988.57

For comparison, Table 5.6 also reports the result of IS with FOM evaluations only.
Acceptance-rejection sampling using only FOM evaluations is too expensive: given an es-
timate of the risk region, we would need n. ~ n/(1— ) = 2-10%> FOM evaluations to generate
n = 100 samples. Therefore, we use IS with the Gaussian mixture model. Specifically, we use
100 MC FOM samples—with only five samples falling into the risk region—and fit a biasing
density using a Gaussian mixture model (see supplementary section SM2). We then sample
100 parameters from the obtained density and report the resulting estimate as IS FOM in Ta-
ble 5.6. This estimate has the largest error of all, mostly due to the small number of samples
used to fit the mixture model. Therefore, it appears beneficial to invest the 100 FOM samples
to build a ROM and follow the importance sampling strategy described above.

Figure 5.5 presents several of the 100 trials averaged in Tables 5.4 and 5.6 in more detail.
It supports the previous observation that investing 100 FOM samples to build a ROM and
then generate many inexpensive ROM samples to build a biasing density is beneficial since it
substantially reduces the variation of the resulting estimate, given an overall budget of FOM
evaluations.

6. Conclusions. We have presented two methods to estimate CVaRg with the help of
reduced-order models, together with analyses of their performances. One method directly
works with the ROM, and the second approach uses the IS framework to reduce the number
of high-fidelity samples needed for CVaRg estimation.

For the first approach in section 3 we showed that the CVaRg estimation error when using
a ROM instead of the high-fidelity model is proportional to the ROM error in the e-risk region
of the ROM. Since the e-risk region is small relative to the entire parameter region, this can
improve the CVaRg error estimate. For the second approach, we derived the optimal biasing
distribution for the IS framework and used it to derive a biasing distribution that is computed
from using only ROM information. We proved that the variance resulting from the proposed
biasing distribution is reduced at least by a factor equal to the probability of the risk-region.
This factor is small and is asymptotically (as the ROM error goes to zero) equal to 1 — 5 < 1.
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Both approaches were applied to CVaRg estimation of a quantity of interest related to
heat release modeled by a system of diffusion-advection-reaction PDEs derived from a sim-
ple combustion model. For this example, our ROM CVaRg estimation error from section 3
substantially reduced the computational cost (measured in FOM evaluations). In one com-
parison the number of FOM evaluations is reduced by a factor of 100. The IS framework led
to substantially better CVaRg estimates when coarser ROMs are used compared to simply
replacing FOM samples by ROM samples, but at the expense of using 10? additional FOM
samples.

For this particular example, we make the following observations: With the same budget
of 200 total FOM evaluations, the MC estimates based on the FOM is at best as good as the
IS estimate computed with the coarsest ROM 1; more accurate ROMs improve the estimation
and especially lead to smaller confidence intervals. With the most accurate ROM 4, our
importance sampling framework reduced the variance of the CVaRg estimator by a factor of
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about 47 compared to the standard MC estimator. Overall, our numerical results showed that
it appears beneficial to invest FOM samples to train a ROM—which is then used to compute
a biasing distribution—than to sample from the FOM directly.

The results in this paper point to future work. Currently, we generate ROMs once from
a given number of high-fidelity model evaluations. Since we need only the ROM error to
be small in the small e-risk region one could alternate ROM improvement and e-risk region
estimation to adaptively generate ROMs and overall use fewer high-fidelity model evaluations.
This also might allow increasing the uncertain parameter dimension, as ROM training can be
confined to small regions in parameter space.
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